A Newton method using exact jacobians for solving fluid-structure coupling by Fernández, Miguel Angel & Moubachir, Marwan
HAL Id: inria-00071496
https://hal.inria.fr/inria-00071496
Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.
A Newton method using exact jacobians for solving
fluid-structure coupling
Miguel Angel Fernández, Marwan Moubachir
To cite this version:
Miguel Angel Fernández, Marwan Moubachir. A Newton method using exact jacobians for solving
fluid-structure coupling. [Research Report] RR-5087, INRIA. 2004. ￿inria-00071496￿
IS
S
N
 0
24
9-
63
99
   
   
 IS
R
N
 IN
R
IA
/R
R
--
50
87
--
F
R
+
E
N
G
ap por t  
de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
A Newton method using exact jacobians for solving
fluid-structure coupling
Miguel Ángel Fernández — Marwan Moubachir
N° 5087
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)
Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65
  	
		
! "$#%
&(')$*+,-/.
&
0%123,*4&5	*4678%-
&
9!:<;>=4?A@B&CD;>?E@GFH?EIJCHKLC4MD?ENPOPQ9SRLIJTURLCV9SW>=4XHRZY)[4:<I]\
^_a`cbedgfUhjiPklbnmaoqp)rskutAv%drwtyxzrskubekq{|p}r|kltyv
~ d{|P{r|`JbedJ{wtAbexaoudczdJ{
5st}dr3"
GpyxaxLty|r ~ dg|d]_adc_advL4yyPh hjExZp}yd]{
DJc)a yy¡ ^_akq{sdcxLty|rpykub{p)rkuvEr|st ~ m2ckuvaUpx2pyrsk¢rskutAvad ~£ dJ¤r|tyv¥2py{|d ~ bedcr|_at ~¦ tA{|tyol§Pkuv2
v2tyvaolkuv2dJp}ctymax2oud ~ {|z{rsdcb{$p}skl{|klva%kuv¨r|_2dvEm2bUdJ|kqcpyo5p}xax2|t©zklbep}r|kltyvªt ¦« mak ~z¬ {r|sm2/rsmasdkuvEr|dJ ¬
pA/rskutAv¨x2|tA¥aoudJb{c­®ªdx2|t)§Pk ~ dp%bUdcr|_at ~ ¤w_akq_¯_2pyspA/r|dJ|kq{r|kqnolkud]{klv°r|_admZ{dt ¦ dcapy/rnc|tE{|{
pAtA¥aklpyv2{"dJ§)p}olm2p)rskutAv$kuvP§ytAou§Pklvawrs_ad{|_2pyxZd ~ dcsku§)p}r|kl§yd5t ¦ r|_ad « mak ~ {rsp)rsd¤wkur|_±|d]{xLdJr,r|t{tAouk ~ bet ¬
rskutAvxLdc|r|mas¥2p}r|kltyv2{J­ £ mabedcsklJp}oZr|d]{r{7¥Zpy{|d ~ tAvp}vkubexaoldcbedJvArp)rskutAvkuvZ{k ~ dgp±A² « m2k ~P¬ {r|sm2/rsma|d
klvEr|dJspA/r|kltyv³ct ~ d±{|_at)¤´_at)¤Vr|_ad±dapyr|vad]{|{wt ¦ r|_adUstA{s{4pycty¥akqp}vZ{µtAbexamzrsp}r|kltyv³Am2p}p}vEr|dJdgr|_ad
t)§Adcp}oloLctyvP§ydJ|Adcv2cdµt ¦ rs_ad £ dJ¤r|tyv,¶ {oltPtyx"­
·³¸E¹>ºs»n¼ )½Dy¡¿¾ oum2k ~P¬ iErs|mzrsmasdkuvEr|dJspA/rskutAv"À £ p©§Pkldc ¬ iPr|tyÁAdJ{dJÂEm2p}r|kltyv2{JÀ	" ¦ tysbnmaoqp)rskutAv"À ¦ maolo
ctymax2oud ~ {s_adcbed]{cÀ £ dc¤r|tAv%bUdcr|_at ~ {JÀa{|_2p}xLd{dJv2{|k¢rsku§Pkurp}v2pyouz{|kl{JÀP_2p}dJbet ~ EvZp}beklJ{c­
Ã ÄZÅÆ/ÇÉÈ ÊzÆ/Ç ËJÌÍÈÅÏÎ©Ð©ÑÉÒcÓ©È ÔaÕÖ]Õ×ÍØÇÉÈ Ö©È ÙzØÓ]ÚÏØÐ©Ð©È/Û ÜÞÝDß"àyÛâáã]áä ÙzØÓ©Ú<ØÐ©Ð©È/Û àcå,Ñ ÌÍæÈ×çÇèØÐ©ÖEÛÈéGØÑÉÇqê éwÑÉë/Ó]ÈÇqì íuÈ×ÍÐ©ØÐ©Ö©Èæ|îDÑÉÐ©×ÍÑèØ]ì íu×ï ÜñðDò"ÜÞÝ°àJÆ/ó]Î©ÑèØsôÞÝDÐÌÍÑÉóyÆ/ÇÉÑÉÚ"ôLÊZ×çÆõÍÈöÌD÷4Ê}ÝDÙzøùøaôÞÇèØúg÷Dó©ò	ØûzÈÇqÛ)ÈéGØÑÉÇqê ü$Ø×ñå"ØÐEì ügÆ/Ó©ú)ØÅ<Î©ÑÉ×ÏîDÑÉÐ]×ÍÑèØ]ì íu×
  
&6	& D
	-c,
± -.-cgD
	6&w
 "$#&cw

&w 8ªn*+-*w	-	
â& 8&*D#&-Gw 78%-w
0&&&71a",*4	*D
	
  
 ¡ ²pyv2{	cd5p}xaxLty|r ~ d5sdJ_2dc_adyÀ]vatymZ{"xaJ{|dcvEr|tAv2{3mav2dbrs_at ~ d ~ d £ dJ¤r|tyvnx2p}|r|kur|kltyv ¬
vcdGpZv ~ dw]{tAm ~ sdoldJ{H{|z{rs`cbedJ{tym2xao]{4vatyv2ouklvJpykusdJ{4kq{s{m2{ ~ dwoÍ¶ p}x2xa|t©zklbp)r|kltyv±vPmabcsklÂEmad ~ d
x2|tA¥aou`JbedJ{ ~ ¶ kuvErsdcpy/rskutAv « mak ~ d ¬ {rs|m2r|masdy­5	pecp}pyrJ|kq{rsklÂEmadxaskuvZklx2p}old ~ d$olpUbrs_at ~ dJ{|k ~ d
~ p}v2{noÍ¶ c§)p}olm2p}r|kltyv dapA/r|d ~ dJ{µpytA¥akldcvavad]{stykq{cdJ{ ¦ p}kq{|pyvAr±kuvEr|dJ|§Adcvakloqp ~ J|kl§Jd ~ d ¦ tA|bed ~ d
o<¶ rsp}r « mak ~ d±§Pkq{ ¬)¬ §Pkl{ ~ d±xLdc|r|m2|¥2p}r|kltyv2{ ~ d]{betAma§ydJbUdJvErs{ ~ mª{|tyolk ~ dy­ £ tAm2{bUtAvEr|styv2{JÀZAAd 
~ dJ{rsdJ{rs{GvPmabJ|kqÂEmadJ{ ¦ tAv ~ J{{m2wmavadklbexaoJbedcvErsp}r|kltyvp}m³{|dcklv ~ ¶ m2vt ~ d ~ ¶ kuvErsdcpy/rskutAv « mak ~ d ¬
{r|sm2r|masdUA²nÀ3ctybebedcvEro<¶ dapyr|kur|m ~ d ~ dUo<¶ J§©pyoumZp)r|kltyv ~ dJ{pAtA¥akudJvavad]{c|tAkl{cd]{µxLdcsbedr ~ dUAp ¬
p}vErskuoqpUctyvP§ydJ|Adcv2cdµAoutA¥2p}old ~ dgolpe¥Ltym2coud ~ d £ dc¤rstyv"­
 ¼ ] º   
 °¡  vArsdcpyr|kltyv « mak ~ d ¬ {r|sm2/rsma|dAÀ]ÂEm2p)rskutAv2{ ~ d £ p©§PkudJ ¬ iEr|tAÁyd]{cÀ ¦ tA|b±maolp}r|kltyv µ,GÀ
{s_JbepA{Hrst}rspyoudJbedcvErctymaxaoJ{JÀEb cr|_at ~ d]{ ~ d £ dJ¤r|tAv"Àzp}v2pyouz{|d ~ d{|dcvZ{kl¥akloukur ~ d ¦ tA|bedyÀE_JbUt ~  ¬
vZp}beklÂEmadA­
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 
3 4 
±,*4&	

£ t)¤p ~ p©z{cÀ57tybexamarsp)rskutAv2p}o ¾ oum2k ~P¬ iErs|m2r|masdw²µPv2pybeklJ{76'5 ¾ iz²!8D{|xasdJp ~ {,tAmzrHkuv±dc§ydJ|gdJvayklvadcdJ ¬
klva 2dco ~ À ¦ styb pydcstPdcoqpy{r|kqkur±rst±¥2kut ¬ bedJ_Zp}vakqc{7xasty¥aoldcb{6ç{|dcdAÀ ¦ tykuvZ{rp}v2cdyÀ:9É;zÀazÀ:<]zÀ2yzÀ:<cfaÀ
APÀH}zÀ4=zÀ7<;zÀ4><?8­°vadkq{s{madp}skl{|kuv2³kuv rs_advPmabedJ|kqcpyo7p}x2xa|t©zklbp)r|kltyv°t ¦ rs_adJ{|dv2tyvaolkuv2dJp}
ctymax2oud ~ {z{r|dJbe{JÀ4kl{nr|_2d ~ d 2vakur|kltyv¯t ¦ tym2xaouklva¨p}olytyskur|_ab{$¥2pA{d ~ tyv¯{|xLdJkZ{tAou§Adc{$kuvP§Atyol§ ¬
klvad@kldcvEr ~ kq{|c|dcr|kBAJp}r|kltyv ¦ tyd]py_°t ¦ rs_ad{|tyolk ~ pyv ~¨« mak ~ {m2¥2{z{r|dJbe{JÀ	r|_2p}r±bp© Am2p}p}vEr|dJd
pAccmasp}r|dp}v ~ ¦ pA{rnctyvP§ydJ|Adcv2cdnt ¦ rs_adt)§ydJspyouoH{|z{rsdcb%­^_akq{kq{|{|madekq{$x2p}|r|kqm2olpy|ol ~ kC@maourr|t
¦ pAde¤w_adJvªrs_ad{r|sm2/rsmasdUkq{$olkuA_ErJÀ,vZp}bedcolyÀ	¤w_adcv¨r|_2d « mak ~ p}v ~ r|_ad{tAouk ~ª~ dcv2{|k¢rskud]{p}sdet ¦ r|_ad
{sp}bedty ~ dc]À5py{±k¢r_2pyxaxLdcv2{Uklv _2pydcbet ~ Pv2p}bekqc{ ¦ tyedap}bexaoldy­  v ~ dcd ~ Àklv¯r|_2kl{ecpA{dAÀ5vPmabedcsk ¬
Jp}o4dzxLdcskubedJvAr{g{_at)¤´rs_2p)r$tAvaou ¦ m2ouol tAmaxaold ~ {|_adJbedJ{gcpyv dcvZ{masd±{rspy¥akloukur³t ¦ r|_adesdJ{|mao¢rskuv2
bedcr|_at ~ 6Í{dJdD9 APÀLyzÀE;zÀF</;zÀLyzÀ3)f
?G8/­G^_Pm2{JÀLp}rµdJpA_&r|klbUdU{rsdcx"ÀZr|_2dnsmaoudnkl{Gr|t{|tyol§ydpctymax2oud ~
_2kuA_aou&vatAv ¬ olklvadJpyµ{z{r|dJb m2{|klvad@ckudJvArbUdcr|_at ~ {µr|_Zp)rµbp©&xa|d]{dJ|§AdyÀaklv2{|k ~ dkuv2vadcoutPtyxZ{cÀZr|_ad
« mak ~z¬ {r|sm2/rsmasdg{|ma¥2{|z{rsdcb {|xaolk¢r|r|klva2­
iErp}v ~ p} ~ pyv ~ {klbexaold{rssp}r|dcAkud]{r|t{|tyol§ydr|_2dJ{|dvatyv ¬ olkuv2dJp}wx2|tA¥aoudJb{wp}sd 2Pd ~P¬ xZtAkuvErµ¥2pA{d ~
bedcr|_at ~ {H9 aÀI<?Ï­KJGv ¦ ty|r|mav2p}r|dJouAÀ>r|_ad]{dUbedr|_2t ~ {$p}sdn§ydJ|%dcPxLdcvZ{kl§ydL6ñdJ§ydcvªk ¦ {dJ§ydJspyo	pyJdJoudJsp ¬
rskutAv³r|d]_avakqÂEmadJ{µbep©%klbexa|t)§Adgr|_adJkud@ckudJv2M9ÉyPÀE;N?G8µpyv ~ bp© ¦ pykuo	r|ttyvP§AdcsydO9B<;N?Ï­wd]dJvAr
p ~ §)p}v2cdJ{wklv³rs_akl{µr|tAxakqn{|mayAdJ{rwr|_ad±m2{d±t ¦£ dc¤r|tAv³¥2py{|d ~ bedcr|_at ~ { ¦ typ ¦ py{rctyvP§ydJ|Adcv2cdrst ¬
¤p} ~ {rs_ad±{|tyolmzrskutAvt ¦ rs_adnvatAv ¬ ouklvadJpyµtAmaxaold ~ {|z{rsdcbP9B<}À>yzÀ3)faÀ>><}ÀQ<;aÀF</=N?<­^_adJ{|dnbedcr|_at ~ {
sdcoltyvr|_adgdJ§©pyoumZp)r|kltyvt ¦ r|_adpycty¥akqp}vZ{pA{|{|tzkqp)rsd ~ rstnrs_ad « mak ~P¬ {tAouk ~ ctymaxaold ~ {rp)rsdd]ÂEm2p)rskutAv2{c­
Rtysdxa|d]kq{dJouAÀ"rs_adskur|kqcp}o7{rsdcx¯tAv2{|kl{rs{$klv°r|_2ddc§)p}olm2p}r|kltyv°t ¦ r|_adstA{s{pytA¥akqp}v2{O9 ><?<ÀDdy­ 2­
rs_ade{dJv2{kur|kl§Pk¢r³t ¦ r|_2d « m2k ~ {rp)rsdn¤wkur|_¨|d]{xLdJrrst{|tyolk ~ bUtyr|kltyv2{J­,JGx r|t&vat)¤$ÀLr|_akq{ ~ kC@maour|kldJ{
_Zp©§ydn¥LdcdJv t)§AdctybeddJk¢rs_adcg¥P%m2{|kuva2vakur|d ~ kCS>dcsdcv2cdUpyxaxast©Pklbp)rskutAv2{T9É}zÀ,}faÀ3><}ÀI<=
?<À3tA¥P
sdcx2olpAklvar|_adµrsp}v2ydcvEr5tAxZdJsp}r|tyHt ¦ r|_adµctymax2oud ~ {z{r|dcb ¥PUp${|kubexaoldc7tyxLdcp)rstyU9 ><}ÀV<;zÀPPÀPzÀ<©/?<­
 ve¥Lt}rs_cpy{|dJ{JÀy{|m2_p}xax2|t©zklbep}r|kltyv2{Dbp© ~ dr|dJ|kltyp)rsdty5p©§ytAk ~ r|_2dGt)§ydJspyouoztAvP§ydcsydJv2d!9 ><(?Ï­  v
rs_akq{5x2pyxZdJJÀ}¤dGxast)§Pk ~ dpyvedzxaolklck¢rdczxa|d]{|{|kltyvUt ¦ r|_ad]{dµc|tE{|{LpAtA¥aklpyv2{JÀ}m2{|kuva{|_2pyxZdG{|dcv2{|kur|kl§Ekur
Jp}oqmaolm2{W9 yN?ÏÀ7klv r|_ad³Jpy{|d&t ¦ pyv klv2tAbexa|d]{|{|kl¥aoud £ dJ¤r|tAvaklpyv « mak ~ ctymaxaold ~ ¤wkur|_ pªv2tyvaolkuv2dJp}
dJolpA{rsklw{|tyolk ~ mav ~ dJ5olpy|Ad ~ kq{xaoqpycdcbedcvEr{c­4^_adJ{|dwdzxasdJ{s{|kutAv2{Hp}sdr|_adJvkubexaoldcbedJvArsd ~ klv2{|k ~ dµp$y²
Zvak¢rsdgdcoldcbedcvErT6 ¾ #8olku¥ap}sp}v ~ ¤7d${|_at)¤ tyv&{tAbedbet ~ dco"Jpy{|dJ{r|_ad${|maxLdcskutA|kuret ¦ m2{|klva±dcapy/r
pAtA¥aklpyv2{p}Ep}klv2{rGpyxaxast©Pklbp)rsd ~ §Adc{kltyv2{t ¦ rs_ad £ dJ¤r|tyv,¶ {bedrs_at ~ ­
^_ad±|dJbekuv ~ dcµt ¦ r|_ad±x2p}xLdckl{tysApyvakCAJd ~ py{ ¦ tyolout)¤G{J­  v {|dJ/rskutAv zÀL¤7dnkuvEr|st ~ m2cdnpydJvadcp}o
« mak ~z¬ {|tyolk ~ ctymax2oud ~ {z{r|dcb p}v ~~ dJ{ssku¥LdGkurs{py{s{tzkqp)rsd ~ bp)r|_2dcbp)rsklJp}o2bet ~ dJoÍ­  v{|dJ/rskutAvaÀAr|_ad
sdJ{|maour|klvactymax2oud ~ {dcrt ¦ dJÂEm2p}r|kltyv2{kq{µm2{|d ~ r|t&¥amaklo ~ pctymax2oud ~ ¤7d]p}Á%§)p}sklp}r|kltyv2pyo ¦ tA|b±maolp}r|kltyv"­
^_2doqp)rrsdc	kl{ ~ kq{|c|dcr|kBAcd ~ klv$rskubedm2{klvaµp ¦ maolou$tAmaxaold ~ {s_adJbUdkuvn{|dJr|kltyv$fZÀ]¤w_2dcsdyÀ]r|_adsdJ{|mao¢rskuv2
v2tyvaolkuv2dJp}ctymax2oud ~ {|z{rsdcb kl{r|masvad ~ klvEr|tp}v py¥2{rsspA/r ¦ tA|b%­  v tA ~ dJgr|t{|tyol§ydUr|_2kl{±p}¥2{r|pyr
ctymax2oud ~ {|P{r|dJb%À3kuv¨{d]/r|kltyv°¤d ~ dJ{ssku¥Ld±r|_adebp}klvª{r|dJx2{t ¦ rs_ad £ dc¤rstyv"¶ {bedr|_2t ~ klvr|dJ|b{
t ¦g« mak ~ p}v ~ {|tyolk ~ tAxZdJsp}r|ty{ep}v ~ kurs{ ~ dcskl§©p}r|kl§yd]{c­V^_addzxasdJ{s{|kutAv2{et ¦ {|m2_ ~ dcsku§)p}r|kl§ydJ{p}sd
tA¥zrspykuv2d ~ ÀDkuv {d]/r|kltyvX;2ÀDmZ{klvaAdcvadJspyo5{_2pyxZd ~ dcsku§)p}r|kl§ydJp}oqmaolm2{$sdJ{|maours{$rs_2p)rUp}sd|d]cpyouold ~ klv
pyxaxLdcv ~ ku ­"^_2dJ{|d±dcPx2|d]{|{|kutAv2{G_Zp©§ydn¥LdcdJv¨pyousdJp ~ ³p}vav2tymav2cd ~ kuvY9C<©PÀ<JN?5pA{¥2|kld ¦ v2t}r|d]{c­  v
{|dJr|kltyv³PÀP¤7d ~ dcrsp}klo>r|_2dbp}ty{rsdcx2{t ¦ r|_ad £ dc¤r|tAv"¶ {pyouAtysk¢rs_ab(p}x2xaoukld ~ r|tUr|_2dctymaxaold ~« mak ~P¬
{|tyolk ~ xasty¥aoldcb%­n^_2dUsdJ{|maour|klva%p}olytyskur|_ab _2pA{¥LdcdJvªklbexaoldcbedcvEr|d ~ klv°pA² « mak ~P¬ {|tyolk ~ sdJ{|dJp}_
ct ~ dy­,^_2d5vPmabedcsklJp}o)sdJ{|mao¢r{"p}sd4xasdJ{|dcvEr|d ~ klv{|dJ/rskutAv$aÀ©{_at)¤wklvar|_2d5|dJoudJ§)p}v2cdDt ¦ tAma,pyxaxastApy_,­
¾ klv2p}ololyÀz¤d$ykl§ydg{tAbUd$ctyv2coum2{|kltyv2{wpyv ~~ sp©¤!{|tybedgolkuvad]{ ¦ ty ¦ mar|masd$¤7tA|Áz{J­
ò	ò+Ð
Z2ä/ã([\
f   1"T	22 (		0 	
 
(
	 
" *-

 
  
"!#
$&%'
 
(*),+.-0/2143.5
67198;:41	<=/2)?>@>	8.AB+;-/=C<2)D8;AE
F GIHKJMLON"PRQ	JSN"TVURW*X"YRT	H[Z
\]1	<[-^E_B/E`<ba019E=>	/=),c1"C4+;19A01d/CeA08.Afge,)DA019C;/Kh-0)?aifjE`<=/2-^><2-/21"E2kE`<=1d:l)DA e?C/=+;1ma)?Eon0e?C;>d1d:41dAp<EdqSr1>d8;AE2)?a1d/SC":419>sC;A0)?>dCeEokEo<219:t8>9>	-0niki),A+uCm:48wvi),A0+xa8;:yC;),A{z@|~}o'qMg<K>	8;A^Eo)?E`<E8;]Cua1d8;/=:4C;c0eD1Eo<2/=->	<2-0/=1OzS	|}o{v.19E=Eo19e_CeDe&Mn0)Dn^1dfeD)DA01;Kq9qdq=E2-0/=/28.-0Aa)DA0+Ch^-0)Da-0Aa19/u:48<=),8.Ac0eD8i8aM8;)De&q9qdq")DA{<=s01m>	8.:xne,19:x19Ap<Kz	|}o8;Mz  |}o)DAz@|~}o7~E21d1bB+;-0/=1x3q
_s01@n0/=8;ce,19:)DE<284a1d<21d/=:4),A^Cw<21<=s01K<=),:41'19v;8;eD-<=),8.A8;<=s01[>d8;AB+.-0/Cw<2)D8;A4z@|}o	pC.E
19e,e^C;EM<=s01'v;19e,8>d)<`kxCAa{C-^>spkE`<=/21E2EM<=1dAE28;/K),<2s),A<=s01yh-0)?aVCA^a#<2s01{Eo<2/=->	<2-0/=1;q_s01e?Cw<2<21d/uc^19),A0++;8wv;19/2A19acik<2s01O>	e?C;E=Eo)?>y>	8.AEo19/2vwC<2)D8;Ae?C'ES8*<2s01">d8;Ap<2)DAi-0-0::41>sCA0)?>dE91dA^a8w1a{K),<2s C;n0n0/=8;n0/=)DC<217>	8;A^E`<=)<=-<2)Dv;1me?C'Edq_s01 19v;8.e,-<=),8.A8;@z@|}o&Eo1911;q +q 0._>dCA c1a19E=>	/=),c19a<2s/28.-0+;s C#E2:48i8<2s¡CA^a)DAw¢`1><2)Dv;1@:yCnn0),A+ £¤ zS¥"¦R§M¨ª©«¬§M­^®
Ks)D>s:4C;nE7CAik n^8.),Ap< £ ¥48C{+;)Dv;1dAB0¯19a~/21d1d/=1dA>d1b>	8.AB+;-/=C<2)D8;AzS¥"°9± ² z¥K³ z ¥ ),Ap<=8O),<=E>d8;/=/21Eon8;A^a),A+O)D:yC+;1 £ | £ ¥.®2}oM)DAEo)?a14<=s01n0/=19E21dAp<u>	8.AB+.-0/=C<2)D8;AVz@|}oy&Eo191yB+.-0/21.qRr1{E21	<£  °d± ²
£
´ µ¶· CAa
£  °9± ²
£
´ µ^¸· qm(08./
£ ¥y¹z ¥  £  | £ ¥p®o}o[/219n0/21Eo19Ap<=EK<=s01xn^8pEo),<2)D8;A#Cw<[<=),:41x}bº»8;<=s01":yCw<=1d/=)DC;e¼n8;)DA.< £ ¥"),A^Eo)?a1m<=s01uE28;eD)Daa8.:4C;),A]qS_s0)?E[>d8;/=/21Eon8;A^a0ES<284<=s01u>	e?C;E=E2)D>9Ce¼e?C+./=C;A0+;)?CAh^8wmq*jAnC;/o<=)D>d-0e?C/.<=s01"E28;eD)DaRa)?Eon0e?C;>d1d:41dAp<'½  | £ ¥p®o}o/=19C;aE
½  | £ ¥ ®o}o*°9± ²
£  | £ ¥ ®2}oM© £ ¥ ® £ ¥ ¹ z ¥;¾
_s)DE7)D:xne,)D19E7<=sCw<@<2s1x>d8;AB+.-0/Cw<2)D8;Av;1deD8>	),<`k :yCw<=>s19Eb<2s01yE28;eD)Dav;19e,8>	),<`k),A^Eo)?a1x<2s01yE28;eD)Daa8f:yC;),A¼qO8.Apv.1d/Eo19e,k.<2s01y:yCn £  ²t¿ µ¶·[À ½]7>dC;Ac1ya1	B^A019a/=8;:Á<=s01y),Ap<=1d/2~C;>	14a)?EoneDC.>	1d:419A.<½  ´ ÂÃ· C.EKCAC/=c0),<2/C/=ky1	¯i<219AEo)D8;AR8wv;19/S<2s01ma8.:4C;),Az¥ AC:41deDk;
½  ²¡Ä
ÅiÆ |~½  ´ ÂÃ·  ¾
ÇÈ*É¼ÇËÊ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 
^_2kl{dzxaoqp}klv2{7r|_2dmZ{dt ¦ r|_adr|dJ|beklvatyoltyAGs¥ak¢rsspy|	p}yp}v2ykqp}v5maoldcskqp}v 6Íµ,#8 ¦ tysbnmaoqp)rskutAv
¦ tArs_adsdJ{|mao¢rskuv2dJÂEm2p}r|kltyv2{ 9 zÀH}aÀDyN?<­  v x2spA/r|kqdAÀ4¤7dJp}v¯_atPtE{dpyv _2p}sbetyvakqedPr|dJv2{|kutAv
tAxZdJsp}r|tA!9ÉyzÀ2}zÀ;2À:<;N?ÏÀa¤w_akq_%bedJp}vZ{r|_2p}r w{tAou§AdJ{7r|_ad ¦ tAouolt)¤wklva±dJouolklxzr|kqgxasty¥aoldcb
	    kuv          tyv  
¤w_2dcsd 	  kq{pykl§ydJv ~ kCSLm2{|kltyv±ctEd@kldcvErJÀ3rs_2p)rgbekuA_Er ~ dcxLdcv ~ tyv    ­Uµrs_adc$pyo¢rsdcsv2p)rsku§Ad
dcPr|dcvZ{kltyv%p}xax2|tEpy_ad]{7Jp}v&¥Zd ¦ tAmav ~ À ¦ tAwkuvZ{rp}v2cdyÀzklv 9ÉzÀZ}f
?Ï­
^_adJ|d ¦ tysdyÀPrs_ad « mak ~%~ tybp}klv%cp}v&¥Ld$x2p}p}bedrs|kq{|d ~ pA{ ¦ tyolout)¤G{! #"%$'&  ("   #"*)+'$'&,&-."0/(132465   '&("   7&8 6 </8
pyv ~ k¢r{GtA|sdJ{|xZtAv ~ klvan§Adcoltzkur6Þrs_ad{t ¬ Jp}oloud ~ " §ydJoutzck¢r>87¥P
9 "    &;:!< >=   = $@?
ACB DFE
GDEIHKJ EIH%J-LNMPO E
QSR3TLNMPO
A@UD A@U LNMPO
E QSR3T ACB LNMPO
E
GLNMPO
V B LPWYXZMPO
V U LPWYXZMPO
E JDEI[D (*)D+;-0/=1"5
_s01m:yCn £
r#1{a1Ce
K),<2sC\'19_<28;A)DC;A#vi)?E2>d8;-E9¼s08.:48;+;19A01d8.-Ebh-0)?a-0Aa19/m),A^>	8;:4n0/=19E=E2),c0eD1xh8w K),<2sa01dAE2)<`k^]CAa^_p)DA01d<2)?>4vp)?E=>	8.E2),<`k`
q4g<E@c^19sCvi),8./b)?Ema19E=>	/=)Dc^1acik),<=Eba-e,19/2)?CA#v;19e,8>	),<`kc CA^an/21E2E2-0/=1ed q _s01>	8.AEo<2),<2-<=),v.1eDC 8;/{<2s01VC->sik Eo<2/=19E=E4<=1dAE28;/)?E+.),v.1dA¡cik<=s01 8.e,eD8wK),A+1d¯n0/21E2E2)D8;A¼5 f |0c®0d ² ©gdih À `kjmlec À |0lecMYnpo ¾
_s1'1de?C;Eo<2)?>'E28;eD)Da4-0A^a1d/eDC;/2+.1'a)DE2n0e?C;>d1d:41dAp<=E)DEa19E=>	/=)Dc^1a4cpkx),<=Ea0)DE2n0e?C;>	19:41dAp<½  CAa4),<=ESE`<=/21E2E<=1dAE28;/q ~E219>d8;AaCr),8.eDCfts@)D/>s0s08Zu4<=1dAE28;/q*_s01SB1de?aeq)?EM/219eDC<219a"<28m½  <=s0/28.-0+;sxCA4Cn0n/28.n0/2)?Cw<=1>d8;AEo<2),<2-0<2)Dv;1_eDCmSq ² qK|&½  _&Eo191m v0p303qMg<=E
c8;-Aa0C/=k")?E
a)Dvp)?a1a)DAp<28@<=s0/2191Ka)DE~¢`8;)DAp<nC/2<=Ew °¥[³ wyx¥[³ wz ¥ q[r1x),:4n8.E21"/=19E2n^1><2)Dv;19e,kCys08.:48;+;19A01d8.-Ei{b),/=)?>s0e,1d<bc8;-0A^a0C/=kR>d8;Aa0)<=),8.A8;Aw °¥C;AaRCs8;:48;+.1dA0198;-E|\'19-0:yCA0Ac8;-0A^a0C/=k{>	8.Aa),<2)D8;AR8;Awyx¥ q
É É~}788(
;   1"T	22 (		0 	
 
(
	 
" *-
^_adtym2xaouklva¥Ldr¤dcdJver|_ad{tAouk ~ p}v ~ rs_ad « m2k ~ kq{5sdJpyoukBAcd ~ r|_astymaA_{rp}v ~ py ~ ¥Ltymav ~ p}sUctyv ¬
~ k¢rskutAv2{µp}rwr|_ad « mak ~P¬ {r|sm2r|masd$kuvErsdc ¦ pyd    ÀZv2p}bedJouAÀar|_2dnÁPkuv2dcbp)rskl$ctyvEr|klvPmak¢r&t ¦ rs_ad§ydJoutzck¢r
pyv ~ r|_ad$ÁPklvadrskl$ctyvEr|klvPmak¢rt ¦ rs_ad{r|sdJ{s{#
  9 "    &(
 "  p &"   &  "    &	g"  
&  "    &   6Í 8
¤wkur|_   ¥ZdJkuv2±rs_ad$mavakurµtAmzr¤py ~ vatysbp}o>§yd]/rstyr|t    À2p}v ~
 "   & :!< 5   p   "    & :#< 35     "  p & :!<   "  p &8"    & :!<   "    &8
¤w_2dcsd "    & p}v ~  "    & {rsp}v ~ ÀysdJ{|xZd]/rsku§AdcolyÀ ¦ tA4r|_ad ~ d ¦ tysbp)rskutAv±Asp ~ kudJvErDklv2{|k ~ drs_adµ{|tyolk ~ p}v ~
rs_ad « mak ~%~ tybpykuv2{J­
¾ klv2p}olouAÀ2rs_ad « mak ~z¬ {r|sm2/rsmasdntAmaxaold ~ {rsp)rsd "  
p       & {sp)rskl{2dJ{wr|_ad ¦ tyolout)¤wklva{r|styvactym ¬x2oud ~ {|z{rsdcb 6çkuvP§Atyol§Eklvaep}v³µ, « mak ~¦ tA|b±maoqp)r|kltyv08/À
 !!!!!!!!!!!!!!!!!!!!!!" !!!!!!!!!!!!!!!!!!!!!!#
$ = "    & = $ % & 4 5 $ ')(+* -, "   9 "   ,&'&  	g"  
 &/. 10 klv  #" $'&8')(    klv   " $'&8
  9 "    &( tyv y-	g"  
 &k32; tyv 4 5 " $'&76 78:9; " $'&8   1<>=? "    % @BA 4 &( klv    
$  =C   = $ C  ')(  "  "    &D"    &,&-10 klv  S "  p &"   &  "    &	g"  
&  "    &EFG   tyv y-   10 tyv  : "  p &"   &  10 tyv  5 
6ç 8
¤wkur|_ $  r|_ad{|tyolk ~~ dJv2{|k¢rAÀ  r|_ad$m2vak¢rGtAmzr¤p} ~ vatA|bp}o3§AdJr|tyrst   " $'& ÀaAku§Adcv&¥P
k  F "    & H  F "    &  H 
pyv ~ 2 {rsp}v ~ kuv2 ¦ tygr|_2ddPr|dJ|v2pyo ¦ tyd]{pA/rskuva³tAv rs_ad « mak ~ ­ ¾ tygrs_ad{|pyÁydet ¦ {|kubexaoldcvad]{|{JÀ"vat
¥Lt ~  ¦ tAscdJ{p}sd$tAv2{k ~ dJ|d ~ ­  v&rs_ad{d]ÂEmadco<Àz¤7d{|_2pyouo"{|dri 4 5  8:9; :!<   4 5 6  8D9; ­
	¸ ¯zJI1K3L U"	E
 %*-
& 	 6ç28 G>U 7"$%  
y
	   " $'&   -* NML ,
-L'WG>O"$	&O 	0	    $ 
" N :P.0 --%	 6 </8RQ
	¸ ¯zJITSU w
(~
	V#M+.0
-G>  7"$% UVLXW 
(H"$,
 %
	 	 6Í 8 T"u -"$NM W "$C(~
	
 7"$%X (*( .0 %
	 + WG   .0 *+& ZY 	 CO	)L
 * ),
 %
	4
L *(~--X	[]\B^  \_\  \a`b Q
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 
   
±	
e&  w ')$*H6-cg	

|tA¥aoudJb 6Í 8HJp}ve¥Zdwsd ¦ tA|b±maoqp)r|d ~ kuvpg¤dJp}Á±§)p}sklp}r|kltyv2pyo ¦ tA|b m2{|kuvapyxaxastyxaskqp)r|drsdJ{r ¦ mav2r|kltyv2{
6Í{dJd 9C<©PÀDA/?G8/ÀDxZdJ ¦ tA|beklva³kuvErsdcyp)rskutAvª¥Pªx2p}|rs{$pyv ~ rsp}ÁPklva³klvArstpyJtym2vAr$rs_ad¥Ltymav ~ p}s p}v ~
klvEr|dJ ¦ pAd%tyv ~ k¢rskutAv2{J­ ^_2kl{eoldJp ~ rst¨r|_ad ¦ tAouolt)¤wkuv2¨ctymaxaold ~ ¤dJp}Á ¦ tA|b±maoqp)r|kltyv 6ç{|dcdM9É}zÀA/?G8/À
klvP§ytAou§Pklvap « mak ~ pyv ~ p{|tyolk ~ ¤7d]p}Á ¬Í¦ tA|b±maoqp)r|kltyvZ{# ¾ klv ~        	
 À     "%$'&  	
 À
    " $'&  p}v ~        
 ÀA{sp)rskl{ ¦ Pkuv2gr|_ad ¦ tAouolt)¤wklvatAmaxaold ~ vatyv ¬ olkuv2dJp}7{ma¥2xa|tA¥aoldcb{#
<y­w^_ad « mak ~ ¤7d]p}Á ¬<¦ tysbnmaoqp)rskutAvy
$ $  1 2  )   5 $  1 2 ')( * -, "   9 "    &,& . )  5  1 2  	g"  
&       @  "!$#&%(' ) 2 " $'& )  +*   1 2 +, ')(  5  @ A  "   9 "   ,&,& ).- *C5  1240/     <>=?!"    % @ A 4 &1 )32    4 "5   , -y"2g&7698  "%$'& ?
6ñf28
z­w^_ad{|tyolk ~ ¤7d]p}Á ¬<¦ tysbnmaoqp)rskutAvy 1:4 $  = C   = $ C );    5  1<:4  "    &D"    &     5 $  $  1 2)  )"= "5  % @ A 4 &@5 $  1 2 ')( * +, "   9 "    &'& . )= "  % @BA 4 & >5  1 2 ) 	g"  
&  = "  % @ A 4 &  4   6?8  ?
6Í 8
@µdcsdyÀPrs_ad{xZpydgt ¦ {|tyolk ~ r|d]{r ¦ mavZ/r|kltyvZ{wkl{Gykl§ydcv¥P
8  :!< BA  6DCFE7" 6 & 
HGG     tAv :I 
pyv ~ rs_ad${xZpydt ¦"« mak ~ r|d]{r ¦ mavZ/r|kltyvZ{ 8  "%$'& kl{ ~ d2vad ~ m2{|klvanrs_ad$µ, x2pyspybedr|skBAJp)rskutAv   6ç{|dcd
9B<]N?8À
8  " $'& :#< J  LKNMPOQ R  E GG KS6?CTEZ"    & 
 UKk tyvWV
X J ,  K, MPOQ  R  E GG K, 6?Y C "   7& VX J-@ K-ZMPOQ R  E% @ A ) GG K-?6?Y C "  & 
 VX Y C "    & 
 ?
 v³p ~a~ kur|kltyv"Àz¤d ~ dcvatyr|d$¥P = peykl§ydJvolkuvad]p}GctyvEr|klvPmatym2{olk ¦ rtyxLdcp)r|tA
=  C\[] "  &  J  ^K?MPO5 _R  E GG KS6DCTEZ"    & 
 `Kk tyv 4 5  8:9; V ?
ò	ò+Ð
Z2ä/ã([\
   1"T	22 (		0 	
 
(
	 
" *-
	¸ ¯zJI   K)%*-
 	V'G	 *-X*-
"/.E	2 *-
	E
 %
	 6< 8 C    .E%*)NMY)+='- 	 6< 8RQ	0 +-wG> ,N(!$ -D(K   "
 %
	 6< 8O+'.E (	!	0$	2#"$!D+((%
"7 O! #"$%
O
O	 "$ "
 %
	> 	 6çf28QE -"$(	V  (   O  (*( .0 %
	  H #"$% C ¡
G>
	V'G	 *-	 - [/^B^Eb
 Q
  c ,G1a&	*4		w w j')$*H6&-g	c

^_2d¤dJpyÁ°ctymax2oud ~°¦ tysbnmaoqp)rskutAv 6ñf8 ¬ 6Í 8kq{Uvat)¤({dJbek ¬ö~ kq{|c|dcr|kBAcd ~ kuv r|klbedy­ £ m2bUdJ|kqcpyodzxZdJ ¬
klbedcvErs{6ç{|dcdM9 yzÀ7APÀ7}aÀ7)faÀ <;zÀ ;
?8e{|_at)¤(rs_2p)rtAvaol ¦ maolou tAmaxaold ~ {|_adJbedJ{ 6ñdA­ Z­ r|_ad « mak ~
AdctAbUdcr|s&pyv ~ rs_ad±klvEr|dJ ¦ pAdnctymaxaolklvactyv ~ kur|kltyvZ{py|dklbexaolklck¢rsou%rs|d]p)r|d ~ 8wdJv2{|ma|dU{rp}¥aklolk¢r³p}v ~
pyouolt)¤ r|tn{|tyol§ydwdSLd]/r|kl§ydJouUxasty¥aoldcb{kuv¤w_2kl_¥Lt}rs_r|_ad « mak ~ p}v ~ {r|sm2r|map}o ~ dcv2{|kur|kldJ{py|dwt ¦ r|_ad
{sp}bedty ~ dc]­	^_2kl{Hpy|kq{d]{cÀ ¦ tA4kuv2{rspyv2dAÀ}klvU_Zp}dcbet ~ Pv2pybUkqc{4pyxaxaolklJp)r|kltyvZ{76Í{dJd9 yzÀ$<cfaÀ;2À$<;zÀ$<)?G8/­
 ! "$#&%'()*+-,./0.
®¨dm2{dgp}vkubexaolkqkurmaoudJG{|_2dcbed ¦ tA7rs_ad$µ, £ p©§Ekldc ¬ iEr|tAÁydJ{5dJÂEm2p)rskutAv2{JÀE¤wkur|_%pU{dJbUk ¬ kubexaolklck¢r
rs|d]p)rsbUdJvErt ¦ r|_adevatAv ¬ ouklvadJpyctyvP§yd]/r|kl§ydnr|dJ|b%­ ¾ mars_adcsbetysdn¤d±mZ{depbek ~P¬ xZtAkuvErg|maold ¦ tyr|_ad
{r|sm2r|map}o3d]ÂAmZp)r|kltyvM6ç{|dcdO9ÉyzÀ <cf2À <;zÀV;
?G8/­7^_Pm2{JÀ ¦ tA21  43 ?#?#? Àzr|_2dn{dJbek ¬ö~ kq{|c|dcr|kBAcd ~ klvrskubedx2|tA¥aoudJb(¤wsk¢rsdJ{!65kl§ydJv " 87    :9 7     9 7  9  9 7 & À 2v ~"  7<; EP
 7=; E7   :9 7=; E   p 9 7=; E!&8
{sp)rskl{ ¦ Pkuv2±rs_ad ¦ tyololt)¤wkuvaetAmaxaold ~ vatyv ¬ olkuv2dJp}G{|ma¥ax2|tA¥aoudJb{#
<y­ ¾ oumak ~ r|klbed{dJbek ¬ö~ kq{|c|dcr|kq{d ~ ¤dJp}Á ¬<¦ tysbnmaoqp)rskutAvy
$ $  1 2?>A@ [   7=; E );  >  $ $
 1 2_)?>   7 )  5 $  1 2  >A@ [   ' ( *  7=; E , "  7  9CB "   9 7=; E(&,& . )  5  1 2  >4@ [  	g"  7=; EZ
 7=; E#&    > 
 @>  "!$# %'  >A@ [  2 " $ 7=; E &g)  +*  1 2?>4@ [ +, ')(  7=; E @5
 @ A ?>A@ [  O  7=; E
 9CB "   :9 7<; E8& R )- +*
5  1324 /   :9 7<; E  < =aP"    9 7=; E% @ A 4 & 1 );2     4 "   , -y"2&U6?8  "%$ 7=; E &8
6%; 8
¤wk¢rs_&r|_ad$vatyrsp}r|kltyv 9DB "   :9 7=; E(&;:#<  3 $ O   :9 7=; E    9 7 R ­
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 =
z­GiPtyolk ~ rskubed{|dcbek ¬Ï~ kq{ssdr|kq{|d ~ ¤dJpyÁ ¬Í¦ tA|b±maolp}r|kltyvy
 "  $'& C  1:4 $   p 9 7=; E );  >    "  $'& C  1:4 $  "  p 9 7 5  $ 9  9 7 &;)   5 3   1<:4  "   9 7<; E#&D"  p 9 7=; E#&      5 3   1:4  "  p 9 7 &i"  p 9 7 &     5 $ $  1 2 ?>A@ [   7=; E ).= "  % @ A 4 &  $ $
 1 2 ?>$  7 )"= "  % @BA 4 & 5 $  1 2  >4@ [  ')(+*  7=; E , "  7  9DB "   :9 7=; E &'&].)"= "  % @BA 4 & 5  1 2 ) >4@ [  	g"  7=; E 
 7<; E &  = "  % @ A 4 &^ 4   698  
6<8
¤wk¢rs_ 9  9 7=; Ei   $ O  p 9 7=; E   p 9 7 R  9  9 7 ­
 *     
	#- %8 # 
 vªty ~ dcr|t&m2{|d±AdcvadJspyo,bedrs_at ~ {r|t%{tAou§Adrs_adtym2xaoud ~P¬ {z{r|dcb 6); 8 ¬ 6< 8À"kurkq{m2{|d ¦ maoDr|tr|m2|v¨k¢r
klvEr|tp}v&p}¥2{r|pyr ¦ tA|b%­5,dr  X   ¥Ldgr|_ad${|x2pycdt ¦,« m2k ~ p}v ~ {|tyolk ~ {rp)rsdJ{J­H®ªdgklvArs|t ~ mZdr|_ad¦ tAouolt)¤wklva±tAxZdJsp}r|tAs{!
<y­ ¾ oumak ~ tyxLdcp)rsty      X     "Q8  &"    &     "    &(
¤wk¢rs_   :#<  "  
    & p}v ~   :!<     À>¤w_atA{|dnpyr|kltyvtAv « mak ~ rsdJ{r ¦ mav2r|kltyv2{H6ñklv 8  "%$ 7=; E & 8kl{ ~ d2v2d ~ py{ ¦ tAouolt)¤G{cÀ
  "  
       &(!"   , _- "2& :#<  $ $  1 2  2   )    $ $  1 2  >   7 )  5 $  1 2  2  ')( * +, "  7  9CB "    &,& . )   5  1 2  2  	g"  
&    >  @>  "!$#&%('  2  2 "%$ 7=; E & ) *   1 2  2  , ')(  5  @ A  2  O   9CB "   '& R )- +*C5  124 /     <>=? "    % @ A 4 &1);2   
6ç 8
¤wk¢rs_ 9DB "   ,&- 3 $ O       :9 7 R ­
z­GiPtyolk ~ tAxZdJsp}r|tA!     X     "Q8  & "    &     "    &(
ò	ò+Ð
Z2ä/ã([\
<]   1"T	22 (		0 	
 
(
	 
" *-
¤w_atA{|d$pyr|kltyv&tyv%{tAouk ~ r|dJ{r ¦ mav2r|kltyv2{wkq{ ~ d 2vad ~ pA{ ¦ tyolout)¤G{JÀ
  "  
        &(_  |:#<   "  $'& C  1<:4 $     )     "  $'& C  1<:4 $  "   9 7 5  $ 9  9 7 & )  >  5 3   1:4  "  p &i"  p &     5 3   1<:4  "   9 7 &"   9 7 &      5   "  
p    &(_   
6%= 8
¤w_adcsdr|_ad « mak ~ oltAp ~ rsspyv2{ ¦ dJwtyxLdcp)rsty        "Q8  &  kl{ ~ d 2vad ~ ¥P
  "  
    &8   :#<    "  
      p &8 " = "5  % @ A 4 &8N:0y:0&  $ $  1 2Z25  )"= "  % @BA 4 &   $ $  1 2?>   7 ).= "5  % @ A 4 &>5 $  1 2_Z2Q ')( * +, "  7  9CB "    &,& . ).= "5  % @ A 4 &5  1 2  2  	g"  
 &   = "  % @BA 4 &  ?
6 <J 8
^_2dcsd ¦ tysdyÀzmZ{klvaer|_2dnp}¥Lt)§yd ~ d 2vakur|kltyv2{JÀars_adntAmaxaold ~ xasty¥aoldcb 6%;28 ¬ 6<8sdJp ~ {! ¾ tA'1   3  ?#?!? ÀZv ~ "  7<; E 
 7=; E    :9 7=; E     9 7=; E &8
{|tyolmzrskutAvt ¦ r|_2d ¦ tyolout)¤wklvaevatyv ¬ olkuv2dJp}wctymaxaold ~ {|P{r|dJb
  "  7=; E 
 7<; E    :9 7<; E     9 7=; E &8 "   , -y"2g&   4 "   , -y 2g&W6?8  " $ 7=; E &8  "  7=; EZ
 7<; EP   :9 7<; E   p 9 7=; E(&8    4   6?8  
rs_2p)rGkq{JÀ
 "  7=; E7
 7=; EP   9 7=; E    9 7<; E(&-  "  7=; EZ
 7=; EP   9 7=; E    9 7<; E(&-  ?
^	t³{klbexaolk ¦  r|_advatyrsp}r|kltyv"À	¤7d{|_2p}oloHtyvaolªctyv2{|k ~ dcgtyv2d±rskubed{r|dJx¨{|t&r|_2p}r¤7d ~ |tAx rs_admaxaxLdc
klv ~ dc"1 5 3 ­³^_EmZ{cÀ	r|_adp}¥Lt)§ydtAmaxaold ~ xasty¥aoldcb¤wsk¢rsdJ{! 2v ~   :!<  "  
    & pyv ~   :#<    {|m2_r|_2p}r
 " 8  &  "    &  ? 6 < </8
 v r|_ad³{|dJÂEmadJoÍÀ5¤d%{_2pyouowpA{|{|mabedrs_2p)rp « mak ~ {|tyol§ydJ±pyv ~ p¨{|tyolk ~ {tAou§Adc±py|d%p)retym2 ~ kl{|xZtE{|pyoÍ­@µdcv2cdyÀ7k¢rkq{em2{d ¦ maor|tªr|m2|v xasty¥aoldcb 6 < </8nklvArst p}v py¥2{r|py/r ¦ tysb6klv rsdcsbe{Ut ¦ r|_2d « mak ~ p}v ~
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 < <
{r|sm2r|masdG{tAou§Adc{c­	^,t$rs_akq{5dcv ~ Ày¤dGklvArs|t ~ mZdr|_2d « mak ~ {tAou§AdcHtAxZdJsp}r|ty         À ~ d 2vad ~
¥P  "   "  &8  &  4   6    6 <] 8
pyv ~ r|_ad{|tyolk ~ {|tyol§ydctAxZdJsp}r|ty        À ~ d 2vad ~ ¥P "8  ",&,&  4 `6   ? 6 <J 8
^_2dcsd ¦ tysdyÀPm2{|klvaer|_adpy¥Zt)§Ad ~ d2v2k¢rskutAv2{cÀar|_adctymaxaold ~ vatAv ¬ olklvadJpywxa|tA¥aoldcb 6 < </8Jp}v&¥Zd$sd ~ m2d ~
rst2v ~   6   {|tyolmzr|kltyv&t ¦ r|_ad ¦ tAouolt)¤wkuv2Uv2tyv ¬ ouklvad]p}dJÂEm2p}r|kltyv
 "  &;:!<      M   "  &  6 <cf28
{|dcdT9B<;
?<­ Ï¦ "    & {tAou§AdJ{ 6 < <N8	r|_adJv   {sp)r|kq{2dJ{ 6 <cf84p}v ~ ÀPtAvP§ydc{|dcolyÀ)k ¦   kl{7p${tAoumar|kltyvet ¦ 6 <cf28
rs_adcv "     "  &(  & {tAou§AdJ{6 < </8­
 vr|_adgvadcPrw{|dJr|kltyv"Àz¤d ~ dJ{ssku¥Ldr|_adgbp}klv{r|dJx2{t ¦ r|_ad £ dc¤r|tAv"¶ {wp}olytyskur|_ab¤w_adJv&pyxaxaolkud ~
rstUr|_adpy¥Zt)§AdvatAvaolkuvad]p}wxasty¥2oudJb&­
  &	
  n-$*4	%
iPrsp}v ~ p} ~±¦ tysbe{ ¦ ty{|tyol§Pkuv2gr|_advatyv ¬ olkuvad]p}5x2|tA¥aoudJb 6 <cf285p}sd azd ~P¬ xZtAkuvEr{5¥2pA{d ~ kur|dJsp}r|kltyv2{JÀA{|dcd
9É}aÀ2yPÀ:</;zÀ$;
?Ï­ JGv ¦ tArsmav2p)rsdcolyÀPrs_adJ{|dbedcr|_at ~ {m2{|m2pyouol{_2t)¤ xZtPtActyvP§ydJ|Adcv2cdGxastyxLdc|r|kldJ{p}v ~
bp© ¦ p}klo5r|tªtyvP§Adcsyd 6ç{|dcd 9É}zÀH)f2ÀDyzÀF;zÀ7<;N?G8/­  v tA ~ dJ$r|tª{xLdcd ~ max°r|_ad&tAvE§AdcsydJv2dAÀ"k¢r±kl{
mZ{d ¦ mao3r|tem2{|d £ dJ¤r|tAv ¬ µp}xa_2{|tyv¥2py{|d ~ bedrs_at ~ {,6ç{|dcd9É}zÀL)faÀ2<}À </;zÀ:<=N?G8/­
^_ad £ dc¤rstyv"¶ {bedr|_2t ~ pyxaxaolkud ~ rstUr|_ad$vatAv ¬ ouklvadJpydJÂEm2p)rskutAv 6 <cf8|d]p ~ {!

	  6  
 !#"$%&'"(
)+*-,/. $ * !( * 0132!(46578% * %9     "   &
);:4,/. $ * !( * 01<(!6578% * % K    "   &
) " ,/. $ * !( * 01=%65 * !  "   &-    K 
) 5 ,?> !$ *A@CB :  "   &].ED      "   &
) " ,GF 85 * H%1-!1IJ K    5LD   
iErsdcx  );:', t ¦ r|_akq{wp}olytA|kur|_2b(cp}v¥ZdJp}s|kld ~ tymzrw¥Pm2{|kuvapyvkur|dcp)rsku§Ad ¦ sdcdbp)rs|kubedr|_2t ~
pA{ 5Rw7i 6ç{|dcdL9É}zÀ,}faÀ"><yÀ<;N?G8/­  vªr|_akq{$cpA{dAÀ"¤7dUtyv2ouv2dcd ~ r|t%dJ§©pyoumZp)r|de{|dc§ydJspyo,rskubed]{gr|_ad
tAxZdJsp}r|tA @MB :  "   & p}Ep}klv2{r{|tyolk ~ {rsp)rsd$xZdJrsmas¥2p)rskutAv2{ON2­  v%x2p}|r|kqm2olpyJÀP¤d$_2p©§ydAÀ
* @ B :  "   & . N  N  * @ B 2  " '& . * @ B :   "   & . N
P QSR T
D   ."UD  VDE
pVD    &
P QAR TD N
?
ò	ò+Ð
Z2ä/ã([\
<©   1"T	22 (		0 	
 
(
	 
" *-
  ~ kCSLdJ|dJvEr|kqp)r|klvaªr|_ad&dJÂEm2p}r|kltyv2{W6 <© 8±p}v ~ 6 <] 8À5¤d%p}sdp}¥2oudr|t¨{xaolkurUrs_ad%p}¥Lt)§yddczxa|d]{|{|kltyv
klv rsdcsbe{nt ¦ r|_2d ~ dJ|kl§)p)r|kl§yd]{$t ¦ rs_ad « mak ~ p}v¯{|tyolk ~ tAxZdJsp}r|ty{O6ç28 ¬ 6%=28À ~ d 2vad ~ klv rs_adxasdc§Pkltym2{
{|dJr|kltyvy
)  ,?> !$132!(465 * &<  : 8% : !1 I
* @ B 2  "      & . D     * @ B :  "      & . N  6 <] 8
)  ,?> !$1<(!65 * &<  : 8% : !1 I
* @ B :  "  ( K  & . D N   * @ B 2  "  ( K  & . D   
)  , . $ * !( *  * @CB :  "   & . N  N  D N ?
^_ad$bpykuv ~ kC@maour_adJ|dD6Í{dJdO9 yzÀZ}faÀ2><yÀ <;zÀ <=N?G8sdcolkud]{tyvr|_ad « mak ~ rp}vaAdcvErµ{m2¥axasty¥aoldcb
6 <] 8­  v ~ dJd ~ ÀapA{¤d{|_2pyouo3{|dcdµklvr|_advadPrG{|dJ/rskutAv"ÀEr|_akq{xasty¥aoldcb klvP§ytyol§yd]{Hrs_adgdc§)p}olm2p)rskutAvt ¦ r|_ad
¦ tAouolt)¤wklvaUc|tE{|{ ¬ö~ dcsku§)p}r|kl§ydµt ¦ rs_ad « mak ~ tyxLdcp)r|tA!
@  2  "   
        &;D    
¤w_2kl_³tA|sdJ{|xLtyv ~ {7rster|_ad ~ klsdJ/rskutAv2p}o ~ dcsku§)p)rsku§Adg¤wk¢rs_³|d]{xLdJrrst « mak ~P¬ö~ tybp}klv%xZdJrsmas¥2p)rskutAv2{c­
 vUxasdc§Pkltym2{D¤tysÁP{JÀ]r|_addJ§©pyoumZp)r|kltyvZ{	t ¦ rs_adJ{|dwstA{s{ ¬ pycty¥akqp}v2{,¤7dJ|dxLdc ¦ tysbUd ~ m2{|klva 2vakur|d ~ kCSLdJ ¬
dJv2dGpyxaxast©zkubp)rskutAv2{JÀJrs_2p)r7tyvaolsdJÂEmakl|dw{rsp)rsdwtyxLdcp)rsty{	dJ§)p}olm2p)rskutAv2{ 9 yzÀA}faÀy><yÀ><=N?Ï­ @Gt)¤dc§Adc]À
rs_adeolpAÁ³t ¦ H.0(%
(4smaoldJ{ ¦ ty${|dcoldJ/rskuv2tAxzr|klbp}o 2vakur|d ~ kCS>dcsdcv2cd±klv 2vakur|d]{klbp}o5{r|dJx2{cÀ,oud]p ~ {r|t
v2tyv ¬ tAv2{kq{r|dcvEr7pytA¥akqp}v2{p}v ~ psd ~ mZ/r|kltyvªt ¦ rs_adet)§ydJspyouoDtyvP§AdcsydcvZd{|xZdJd ~ 9C</;N?<­  vªr|_2d ¦ tAo ¬
olt)¤wklva&{|dJr|kltyv"À	¤7de¤wklouo7{_at)¤ _at)¤rst³p©§ytyk ~ rs_adJ{|dp}x2xa|t©zklbp)r|kltyvZ{µ¥P d]{rp}¥aolkq{_aklvar|_addcapy/r
dczxa|d]{|{|kltyvt ¦ rs_adp}¥Lt)§ydouklvad]p}skCAJd ~ {ma¥ ¬ {|z{rsdcb{c­
  w 3	gD $8¨*D$	$*4 *4/.$	/.w
 vªr|_2kl{g{|dJ/rskutAv"À"¤d±x2|d]{dJvArr|_2d ~ k1S>dcsdcvEr|kqp)rskutAv t ¦ r|_ad « m2k ~ p}v ~ {|tyolk ~ tyxLdcp)r|tAs{µ¤wk¢rs_ªsdJ{|xLdJ/r
rster|_ad « mak ~ p}v ~ {|tyolk ~ {rsp}r|d$§)p}sklpy¥aoldJ{J­5®ªdn¤wkuolo,m2{|dn{|_2p}xLd ~ dJ|kl§)p)r|kl§ydJp}oqmaolm2{wsdJ{|maours{wklv%ty ~ dc
rstexZdJ ¦ tA|b rs_ad ~ kCSLdJ|dJvEr|kqp)r|kltyv&t ¦ klvArsdcAspyoZrsdcsb{¤wk¢rs_&sdJ{|xLdJ/rwrstUr|_adJkuµ{|maxaxLty|rs{J­
2  %
	 #  .  8 # 	. - 8  . *
®¨dªpy|d¨p}¥aoldrst tA¥zrspykuv rs_ad¨dzxasdJ{s{kltyv2{t ¦ r|_2d¨pA/r|kltyv!t ¦ r|_2d ~ dJ|kl§)p)rsku§Adt ¦ rs_ad « mak ~ ¤7d]p}Á
{rsp}r|detyxLdcp)rsty  ¤wkur|_°sdJ{|xZd]/rgr|t&r|_2d{rp)r|d§)py|kqp}¥aoldJ{    "  
p    & p}v ~   :#<     p)rxLtyklvAr"   
        & kuv³rs_ad ~ kusdJr|kltyv O D   DE
VD    D    & ­®ªdUcpyv{xaolkurrs_adntAxZdJsp}r|ty ~ dcsku§)p}r|kl§ydklv³r¤trsdcsb{#
@ 9  9  2   "   
        &(" D   DE
 D    &7@  9    "   
        &(" D   DE
&5L@ 2  "   
p        & D    ? 6 <; 8
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 <]
^_2d 2s{rGrsdcsb @  9    "   
y        &#"UD  VDE
& kl{poqpy{s{kqcpyo ¾ J_adcr ~ dcsku§)p}r|kl§ydyÀ2kuv%rs_adn{|dcv2{|d$¤7d~ tUv2t}rGvadJd ~ r|txLdc|r|mas¥rs_ad{|maxaxLty|rGt ¦ rs_ad$klvArsdcAspyol{klv2{k ~ dgrs_ad$tyxLdcp)rsty]­D^_Pm2{JÀz¤7dg_2p©§Ad
 @  9    "   
        &#"UD  VDE
&(!"5   , _- 2&  $ $  1 2 2Q D  )  5 $  1 2   2   ' ( * D +, "  7  9CB "    &'& . )y 5  1 2   2  	g"UD  VDE
 &     1 2    2 +, ')(D  @5  @ A    2  D  ).- * ?
6 <©8
^_2d{d]tyv ~ rsdcsb&À @  2  "   
        & D    ÀasdJÂEmakl|d]{r|_ad ~ dJ|kl§)p)rskutAv&¤wkur|_%sdJ{|xZd]/rwrst@   t ¦ 5maold ¬skqp}vklvArsdcAspyol{t)§ydc6  "    & p}v ~ k¢r{¥Ltymav ~ p}sy­Hw/rsm2p}ololyÀAr|_akq{ÁPklv ~ t ¦,~ dcskl§©p}r|kl§yd]{5cpyv¥Zd§PkudJ¤7d ~
pA{{|_2pyxZd ~ dcsku§)p}r|kl§ydJ{JÀ>{dJd ¦ tAklv2{rsp}vZd 9 y
?<­iPtAbUdUdcoldcbedJvAr{µtAvª{|_2p}xLd ~ dcsku§)p)rsku§Ad±Jp}oqmaolm2{p}sd
Aku§Adcvkuv³p}x2xZdJv ~ ku& p}v ~ pyouolt)¤ rstUd]{rp}¥aolkq{_r|_ad ¦ tAouolt)¤wklvaek ~ dJvEr|kuryÀ
 @  2  O   
        R D     "( , -y"2&   $ $  1 2   2  "')(OD   ,&  ) 5  1 2    2  $ ' ( A  , "  7  9CB "    &,& * ')(OD     "  D    &  . I )   $ $  1 2   2  ')(y" +, D   *&g)  5  1 2   2  	g"   
& * ?')(D     "  D   ,&  .   >  1 2_  Z2Q  *    D    5 " D    &  "   &  .       @   "!$# %'   25 ""UD    & )R &2 "%$ 7<; E &;);  *  1 2    2 +, ')( A  * ')(D     " D    &  . I > 5  1324 D    );2 > 
5  @ A   2   "   9 B "    &'&#""UD    & ) &  D    $	 ).- * ?
6 <J 8
@µdcsdyÀ7¤7d&m2{|d ~ r|_ad%vatyrsp)rskutAv |"UD    & :#<  *N' (D     " D    &  .7 À¤w_akq_ |dJxa|d]{dJvErs{nr|_ad 2{rtA ~ dc$§)p}sklp}r|kltyv¨t ¦ r|_ad{ma ¦ pycde§ydJr|tA Z* 6ç{|dcdyÀ ¦ tynkuv2{rspyv2dAÀ 9B< <}ÀQ=N?G8/­%^_ad ~ dcskl§©p}r|kl§ydt ¦ 
¤wkur|_%sdJ{|xZd]/rr|ters_ad{|tyolk ~ §)p}sklpy¥aoudkq{wykl§ydJv¥PyÀ
 @  :  O   
        R D    !"   , -y"2g&     124 <>=?  "    & D    );2   ? 6 <= 8
¤wkur|_&rs_ad$vat}rp)rskutAv < =a  "    &;D    :!<  @  : < =a "    & D    ­
ò	ò+Ð
Z2ä/ã([\
<Jf   1"T	22 (		0 	
 
(
	 
" *-
2   # 
	 #  .  8 #  	'. - 8 &./*
®¨d x2|tzdJd ~ klv r|_ad¨{|pybed ¦ py{|_akltyv ¦ tyr|_ad¨{tAouk ~ tyxLdcp)rsty ~ k1S>dcsdcvEr|kqp)rskutAv"­ ®¨d 2{rydrr|_ad
colpA{|{|kqcp}o ¾ ]_adr ~ dJ|kl§)p)r|kl§yd]{cÀ
 @  :  "   
y        & D    _    "  $'& C  1<:4 $  D    )   5 3   1<:4 O  "    &;D 5  D    "    & R    >  6<} 8
¤w_2dcsd D  :!<  @  : "    &;D    ­
µAp}klv&¤7dJp}v%{xaolkurwr|_ad ~ dJ|kl§)p)rsku§Ad¤wkur|_%sdJ{|xZd]/rwr|tUrs_ad « mak ~ {rp)r|dgklv&r¤7tUr|dJ|b{!
@  9  9  2   "   
        &(" D   DE
 D   ,&7@  9    "   
p        &("UD  VDE
 &5L@ 2  "   
y        &;D    ? 6<$</8
^_2d Zs{rwr|dJ|b @  9    "   
        &#"UD  VDE
& kl{wpeoqpy{s{|klJp}o ¾ J_adcr ~ dcskl§©p}r|kl§ydA­4^_Pm2{JÀz¤d_Zp©§yd
 @  9    "   
        &(" D   DE
&(_    $ $  1 2_  25 D  )"= "5  % @ A 4 &5 $  1 2 2Q ' ( * D +, "  7  9CB "    & . ).= "5  % @ A 4 &y5  1 2_ Z2Q 	g"UD  VDE
 &   = "  % @BA 4 &> ? 6<y 8
J{klvaUr|_2d ~ d2v2k¢rskutAvM6)= 8Àzr|_ad ~ dcsku§)p}r|kl§ydt ¦ r|_ad{|tyolk ~ tyxLdcp)rsty¤wkur|_³sdJ{|xZd]/rr|t@   ctys|d]{xLtyv ~ {
rstUr|_ad ~ dJ|kl§)p)rsku§Adt ¦ rs_ad « mak ~ outEp ~ {tAxZdJsp}r|ty¤wkur|_%sdJ{|xZd]/rr|t    ÀakÍ­ dy­
 @  2  "   
        & D    _  i  @  2   "   
    &;D        @ Z2  "   
y        &;D     " = "5  % @ A 4 &8N:0y:0&  ?
^_2dcv&m2{klva6 <J28Àa¤dAdr
 @  2  O   
        R D   8_  i $ $  1 2   2  " ' ( D   '&  ).= "  % @ A 4 &5  1 2  Z25 $  ' ( A +, "  7  9CB "    &,& * ?' (D     " D    &  . I )"= "5  % @ A 4 & $ $  1 2   2  ' (y" +, D    &;)= "  % @BA 4 & >5  1 2   2  	g"   
& * ')(OD     "  D   ,&  .  = "  % @ A 4 &  1 2  Z25  *    D    5 " D    &  "   &  .   = "  % @ A 4 &g
6<} 8
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 <©
   	c-w	
  -c$*4	% 	#123	8%
,drwm2{wsdJJp}olo>r|_ad ¦ tAouolt)¤wklva±v2t}rsp}r|kltyv2{!
N :#<    :!<  "   
    &8   :!<     K  :#<  K    D   :!<  " D   DE
VD    &8 D N :!<  D ?
^_Pm2{JÀ ¦ |tAb 6 <;28À)kur ¦ tyololt)¤G{3r|_Zp)rH{rsdcx  ) 5 ,4)  , ctyv2{|kl{rs{,kuv±{tAou§Pklva ¦ ty "UD  VDE
pVD    & rs_ad ¦ tAouolt)¤wkuv2olklvadJpyw§©py|kqp)rskutAv2p}oLxasty¥aoldcb
@  9    "   
        &#"UD  VDE
&p5 @Z2  "   
        &;D     @Z2  O   
y        R ? 6<)f28
J{klvars_adUdzxasdJ{s{kltyv2{Gt ¦ r|_ad « mak ~ tAxZdJsp}r|ty ~ dcsku§)p}r|kl§ydJ{µxast)§Ek ~ d ~ kuv 6 <© 8 ¬ 6 <=28wp}v ~ ¥E&rp}ÁPkuv2" 0yNE0 2g& pA{r|d]{r ¦ mavZ/r|kltyv%klvX6Í)f87¤7dgty¥arsp}klv&r|_2p}r
D    3<>=?  "    & kuv    ?
vers_adt}r|_2dc_Zp}v ~ ÀArspyÁPkuvar|_adgÂEm2p ~ smaxaoldr "0,_-:0& py{5r|d]{r ¦ mav2/rskutAv2{7kuv 6Í)f8ÀP¤7dµty¥zrp}klvr|_ad
¦ tAouolt)¤wklva±¥Ltym2v ~ p}sctyv ~ kur|kltyv,À
D   D    $  "   9 B "    &'&#""UD    & )R &8 tAv   "    & ? 6<y 8
Rtysdct)§ydJJÀE{klv2cd¥P ~ d2vakur|kltyv      "   & Àakur ¦ tyolout)¤G{7rs_2p)r   9 B "    &  tAv  "    & {|t±rs_2p)r
6<y 8sd ~ m2d]{r|t
D   D    $  tAv   "    & ? 6<; 8
¾ klv2p}ololyÀPm2{|kuva 6 <©8 ¬ 6 <= 87p}v ~ _atPtA{|klva$r|_2dÂEm2p ~ |m2xaoudcr " 0yN_- E0 & py{r|d]{r ¦ mavZ/r|kltyvZ{7klv 6<)f8/ÀP¤7d
tA¥zrspykuvr|_2d ¦ tyolout)¤wklvaU§©py|kqp)rskutAv2p}o>dcPx2|d]{|{|kutAv{sp)rskl{2d ~ ¥P " D   DE
& À
 @  9    "   
        &#"UD  VDE
 &8!"5   , :0E0 &     @Z2  O   
p        R D    !"5   , E0yE0&   6<A8
wr|m2pyouolyÀ}r|_adwoqpy{rHdzxasdJ{s{kltyvUtyssdJ{|xZtAv ~ {,r|tgr|_2d¤dJpyÁ ¦ tysbnm2olp}r|kltyv±pA{|{|tzkqp)rsd ~ rstr|_ad ¦ tAouolt)¤wkuv2
7²µ klvP§ytyol§Pkuv2nrs_ad$ouklvad]p}skCAJd ~ µ" £ p©§Ekldc ¬ iEr|tAÁydJ{7dJÂEm2p}r|kltyv2{!
 !!!!!!!!" !!!!!!!!#
$ $ D  5 $ ' ( * D  , "  7  9CB "    &'&  	g"UD  VDE
 & .   $ $ "' (D    &  ')( A * $ +, "  7  9CB "    &,&  	g"   
 &/.* ? ' (D     " D   ,&  . I5 $ $ ' (y" +, D   ,&  ')( A  *    D   p5 "  D   '&  "  &  . I  kuv  ("   &8
 ' (D     ' ( A  *N?' (D     " D   ,&  . I  klv  ("    &(
ò	ò+Ð
Z2ä/ã([\
</;   1"T	22 (		0 	
 
(
	 
" *-
dJv ~ t)¤d ~ ¤wk¢rs_rs_ad ¦ tyololt)¤wkuvaeklv « t)¤ ¬ tymzr « t)¤!ctyv ~ kur|kltyv&tyv74 5  8:9; "    & 	g"UD  VDE
& 12;" $ 7=; E &(" 6" D    & )R;&  	g"   
& |"UD    &y5  *    D    5 "  D    &  "  &  .  ?
 v³{|_aty|rJÀarsp}ÁPklvaekuvErstpycctymavErr|_2dnp}¥Lt)§yd$tAv2{|k ~ dJsp}r|kltyv2{JÀz{rsdcx  ) 5 ,4)  , cpyv&¥Ldcpy|skld ~ tymzrG¥P
ctybexamzrskuv2 D     < =?  "    & p}v ~ ¥P{tAou§Pklvars_ad ¦ tyolout)¤wklvaouklvadJpy|kBAcd ~ £ p©§Ekldc ¬ iEr|tAÁydJ{µxasty¥aoldcb
¦ tA "UD  VDE
 & 
 !!!!!!!!!!!!!!!!!!!!!!!" !!!!!!!!!!!!!!!!!!!!!!!#
$ $ D  5 $ ')( * D +, "  7  9 B "    &'&  	g" D   DE
& .   $ $ "')(OD    &  ')( A * $ +, "  7  9CB "    &'&  	g"   
 & .* ' (D     " D    &  . I5 $ $ ')("  , D    &   ' ( A  *    D    5 "  D    &  "  &  . I
 klv   "   &(
' (D    ')( A  * ')(D     "  D    &  . I  klv   "    &(
D   D    $  tyv y "    &8
	g"UD  VDE
 & 12 "%$ 7=; E &(" "UD    &g)R &  	g"   
& 6" D    &5  *    D    5 " D    &  "  &  .   tyv  4 5  8D9; "    &(
6<} 8
¾ klv2p}ololyÀzm2{|kuv2nrs_adgdzxasdJ{s{kltyv2{t ¦ r|_ad{|tyolk ~ tyxLdcp)rsty ~ dcskl§©p}r|kl§yd]{7x2|t)§Pk ~ d ~ klvX6Íy 8 ¬ 6Íy 8Àz¤d$p}sd
py¥aoldwr|tk ~ dJvArsk ¦ Urs_ad{r|sm2/rsmasdGt ¦ {r|dcx  ) 5 , )  , ­  rctyv2{|kq{r{Hkuv{tAou§Pklva ¦ tyr|_adxZdJrsma|¥Ld ~ {|tyolk ~
{rsp}r|d D r|_2d ¦ tyolout)¤wklvaexasty¥aoldcb
 "  $'& C  1<:4 $  D )    5 3   1<:40/  " K   &;D " S&5  Da" K   & 1  Z  >  $ $  1 2    2  D  ).= "  % @ A 4 & 5 $  1 2    2  ')( * D -, "  7  9CB "    & . )= "  % @ A 4 &5  1 2   2  	g" D   DE
&   = "5  % @ A 4 & 5 $ $  1 2   2  "')(OD   ,&  )"= "5  % @ A 4 &5  1 2  Z25 $ ' ( A  , "  7  9CB "    &'& * ')(D     "  D    &  . I )"= "  % @ A 4 & $ $  1 2   2  ')(y" +, D    &;).= "5  % @ A 4 &>5  1 2   2  	g"   
& * ')(D     "  D   ,&  .   = "  % @ A 4 &  1 2  Z25  *    D    5 " D    &  "  &  .   = "  % @BA 4 & g
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 <)
,dr%vat}rsklcdyÀwrs_2p)r&r|_2dªskuA_Er_2pyv ~ {|k ~ d¨t ¦ rs_akq{x2|tA¥aoudJbkl{&vatyr|_aklva ¥2mzrrs_ad¨|d]{k ~ m2pyot ¦ r|_ad
olklvadJpy|kBAcd ~« m2k ~ betybedcvErsmab(dJÂEm2p}r|kltyvM6Íy 8 E klvP§ytAou§Ad ~ klv³{rsdcx  ) 5 , )  , ­µvp}x2xa|t©zklbp)r|d « mak ~ rsp}v2ydcvErxa|tA¥aoldcbcp}v¥Zd{klbexaou ~ dJ|kl§yd ~U¦ |tAbdapyrdzxasdJ{s{kltyv 6<} 8
¥Pv2dcyoldJr|klvaUr|_ad{|_2pyxZd ~ dJ|kl§)p)r|kl§ydrsdcsbe{T6Í{dJdO9 <}À2zÀ>?8ÀaPkudJo ~ kuva
 !!!!!!!" !!!!!!!#
$ $ D  5 $ ')( * D  , "  7  9CB "    &,&  	g" D   DE
& . 30y klv   "    &8')(OD   klv  ("    &8
D   D    $  tAv   "    &(	g"UD  VDE
 &  tAv  4 5  8:9; "    &(
6<= 8
iPr|klouo<ÀA¥PUvadcAoud]/rskuvan_adcsdr|_adtAvE§AdJr|kl§ydwp}v ~~ k1S>m2{|ku§Adwr|dJ|b{5¤dwydcr5r|_2d ¦ tyololt)¤wkuvapyxaxast©zkubp)rsd
« mak ~ rp}vaAdcvErwxa|tA¥aoldcb  !!!!!!!" !!!!!!!#
$ $ D  5  DE
 10 klv  ("    &(')(D   kuv  ("    &8
D   D    $  tyv   "    &8
DE
k10 tyv 4 5  8:9; "    &8
rs_2p)rG¤py{klvEr|st ~ m2d ~ klvM9C</;N?#6ç{|dcd$pyol{|tL9ÉEÀ <©?G8/­
   %*47n- *Dw	-/	
 v%rs_akq{µ{|dJ/rskutAv%¤7dctybex2p}sdgr|_2ddapyr £ dJ¤r|tyv,¶ {p}olytyskur|_ab%Àa¤w_atE{dpAtA¥aklpyvdJ§)p}olm2p)rskutAv2{w_2p©§Ad
¥LdcdJv ~ dJ{ssku¥Ld ~ klv³izdJ/rskutAv³zÀa¤wkur|_&r¤7t ¦ tysbedcGpyxaxastApy_2dJ{!
 azd ~P¬ xLtyklvArGkur|dJsp}r|kltyv2{wctyb±¥akuv2d ~ ¤wk¢rs_³p}v³Gkur|ÁAdcv"¶ {GpyJdJoudJsp}r|kltyvrsdJ_av2klÂEmad]{,6 ¾  ¬ Gkur|ÁAdcvV8
9 APÀ </;N?<À
 peÂAmZpy{|k ¬ö£ dJ¤r|tyv,¶ {p}olytA|kur|_2b&ÀP¤w_atE{d$pyxaxast©Pklbp)rsd5pycty¥akqp}vZ{dc§)p}olm2p)rskutAv2{p}sdJp}s|kld ~ tymzrm2{|kuvar|_2dU{|kubexaolk2d ~« mak ~ rp}vaAdcvErxasty¥2oudJbP6<=28/À3k<­ dA­uÀ3¤wkur|_atAmzrrsp}ÁPklvaklvEr|t%pyJtym2vArr|_ad
{_Zp}xLd ~ dcsku§)p}r|kl§ydJ{t ¦ rs_ad « mak ~ tyxLdcp)r|tA!6Í{dJdO9 <}ÀZPÀ>?8­
{¤d{_Zp}olo{dJdyÀDkuv°rs_ad{|dJÂEmadJoÍÀ	r|_addzxZd]/rsd ~ {|maxZdJ|kltyskurt ¦ r|_addapyrGpycty¥akqp}v°p}xax2|tEpy_¨kl{
§)pyouk ~ p)rsd ~ ¥Pr|_ad$vPmabedJ|kqcpyo3dzxZdJ|klbedcvErs{JÀzbp}klvaol¤w_adJvm2{|klvaebUt ~ dJsp}r|dr|klbed{rsdcx2{J­
®¨d tyvZ{k ~ dc%p « mak ~P¬ {rs|m2r|masd x2|tA¥aoudJb p}skl{|klva klv!rs_ad°bet ~ dcolouklva t ¦ rs_ad¨¥aoutPt ~!« t)¤ klv
oqp}sydUp}|r|dJ|kldJ{!kurntAv2{|kl{rs{t ¦ pr|_aklvªdJolpA{rsklU§AdJ{s{dJo4ctyvP§ydJPkuva&p}v¨kuvZtybexasdJ{s{|ku¥aoldU§Ekq{stymZ{ « mak ~
6Í{dJd 9 ;aÀGPÀG}aÀ!<JfaÀ!<;N?G8/­(^_ad¨{tAouk ~ kq{ ~ dJ{ssku¥Ld ~ ¥E rs_adªolklvadJpydJolpA{rsklck¢r dJÂEm2p}r|kltyv2{ 6Íiap}klvAr
HdJv2p}vEr ¬ kls_2_at ¦ bp)rsdcsklpyo 8ÀP¤w_akuoldr|_ad « m2k ~ kl{ ~ d]{|c|kl¥Ld ~ ¥Eers_adgkuvZtybexasdJ{s{|ku¥aold £ p©§PkudJ ¬ iEr|tAÁyd]{
d]ÂEm2p)rskutAv2{c­4®¨dtAv2{k ~ dJ7r¤t ~ kCSLdJ|dJvArGAdctAbUdcr|skud]{#
<y­wpe{rsspykuA_ArGcEolklv ~ dcwt ¦ p ~ klm2{   ?  b pyv ~ oldcv2}r|_ Y  b%À
ò	ò+Ð
Z2ä/ã([\
<]   1"T	22 (		0 	
 
(
	 
" *-
  Ø
	 aÚ   ú
	 ZÚ
  Å
	 2Ú   Ö
	 
AÚ
¾ kuAma|d$D|d]{|{|masd¤p©§ydxastyx2pyAp}r|kltyv6Í{rsspykuA_ArGcEolklv ~ dc(8
z­wpemas§yd ~ cEolklv ~ dcwt ¦ p ~ kum2{   ?  b(¤wkur|_³m2|§)p)rsmasdp)rskut  ?    b  E ­
^_2dn{m2|stymav ~ kuv2{rs|m2r|masd_2pA{µpers_akqÁEv2dJ{s{Gt ¦   ? 3 b%­w^_adnxa_Pz{|klJp}o"x2pyspybedr|dJs{µp}sd$r|_ad¦ tAouolt)¤wklvaW6Í{dJdO9C<JfaÀ:<;
?8(
 ¾ oumak ~ 5§Pkq{|ctA{|k¢r    ?  xZtAkl{|dyÀ ~ dcvZ{kur $  3 }b 
 À
 iPtyolk ~  ~ dJv2{kur $   3 ?   )b 
 À5tymav2³bUt ~ m2oum2{  ! X 3!" ~ Ev2dJ{)b C p}v ~ 4tAkl{s{tAvsp}r|klt$#   ?  ­
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 </=
  Ø
	 aÚ   ú
	 ZÚ
  Å
	 2Ú   Ö
	 
AÚ
¾ kuAma|dgf D|d]{|{|masd¤p©§ydxastyx2pyAp}r|kltyv6Ímas§yd ~ cEolklv ~ dc(8
 tyr|_%{z{r|dcb{JÀPr|_ad « mak ~ pyv ~ r|_ad${r|sm2/rsma|dAÀap}sdgkuvakur|kqp}ololp)rwsdJ{rJ­H^_ad{r|sm2/rsmasdkq{woqp}bexLd ~ p)r
rs_adkuv2oudcrp}v ~ r|_adwtAmzr|oldr]­Dµv±t)§Adc4xasdJ{s{m2|dt ¦ 3 ?    X 3    ~ PvadJ{)cb C 6 3! beb @G8	kl{4klbexZtE{d ~tAvUr|_adkuvaoldr7¥ZtAmav ~ py|F74 5 ~ maskuv2  X 3!  
 {d]tAv ~ {J­	^_ad « mak ~ dJÂEm2p)rskutAv2{5py|d ~ kq{ssdr|kq{|d ~ m2{|kuva
 E   	 E 2v2k¢rsddcoldcbedcvEr{cÀz¤w_adJ|d]py{ ¦ tyrs_ad{|tyolk ~ dJÂEm2p}r|kltyv2{¤dgm2{d
 E Zvak¢rsd$dcoldcbedcvEr{c­ xasdJ{s{masd¤p©§ydx2|tAx2p}Ep)r|kltyv³kq{ty¥2{|dcs§yd ~ kuvª¥Ztyr|_ªctyv Zymap)rskutAv2{c­ ¾ kuAma|d]{p}v ~ f{|_at)¤
rs_ad « mak ~ xasdJ{s{m2|dµp}r7rskubed $g  ?     N ?   , ?    ' ? -3 {"¤wkur|_r|klbUdg{r|dcx  $- 3!   {c­H^_ad]{dsdJ{|maours{p}sdn{klbekuoqp}µr|tr|_atE{dx2|t)§Pk ~ d ~ klv 9B<;zÀI<cf?<­  v 2ym2|d]{pyv ~ ;ers_adUctys|d]{xLtyv ~ kuv2e{|tyolk ~
~ d ¦ tysbed ~ tAv 2ym2sp}r|kltyv2{6ñ_Zp}o ¦ {|dJr|kltyvV8p}sd ~ kq{xaoqp©yd ~ ­
ò	ò+Ð
Z2ä/ã([\
y   1"T	22 (		0 	
 
(
	 
" *-
	¸ ¯zJI  E>{-"$	0;M ;
jL .>
+ 
	XG>D	Cb
	E 
"$ Cb-
"$	E;
(% [`  `  `/b  
	E
#


	FM,.?MN(%
C+ %*= O
		_Q L U"K	E
 %*+HG0 G>H M+.0%*
0.(%/  xD=([-=U .-
"$ 3 -*-
	E [/^/b Q
	7 %	2L+= ()%*!.>?MN(%C  %*
I(H"$,
 %
	H KH	2 * %
	V-  -	
G>bB/	0G>7
((~
> F% 
"$)(%  U*-+.  $  .+.QDE  + G>Q.E"$ .>
 7(*+	O  O Q (	 ("*+L*
QG>T"  O =
)O('.V!¼+T*("*~
:U.G
(
N
2
I*= 
~ *4+%Q
  Ø
	 aÚ   ú
	 ZÚ
  Å
	 2Ú   Ö
	 
AÚ
¾ kuAmasd$5iPtyolk ~&~ tAbepykuv ~ d ¦ tysbed ~ tyv2ymap)rskutAv 6Í{rsspykuA_ArwPolkuv ~ dc(8
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 ><
  Ø
	 aÚ   ú
	 ZÚ
  Å
	 2Ú   Ö
	 
AÚ
¾ kuAma|dT;iPtyolk ~&~ tAbepykuv ~ d ¦ tysbUd ~ tyv2ymap)rskutAv 6Ímas§yd ~ Polkuv ~ dc(8
¾ ty$tAbUxZp}skl{|tyvx2ma|xLtA{|dJ{JÀ3¤d±Aku§Ad±klv ZymasdJ{p}v ~ rs_adevPmabn¥Ldcgt ¦ k¢rsdcp)rskutAv2{µt ¦ dJk¢rs_adc
bedcr|_at ~ p)rd]py_ªr|klbUdoudJ§ydco<À ¦ tA  $  3    {c­^_2d{maxLdcskltytAvP§ydcsydJv2dUxastyxLdc|r|kldJ{gt ¦ ¥Lt}rs_£ dc¤rstyv"¶ {7pyouAtysk¢rs_ab{py|dGdJ§Pk ~ dJvErJ­ @Gt)¤dc§Adc]À}r|_2dctA{rt ¦ d]py_ £ dc¤r|tAvkur|dcp)rskutAvkq{_akly_2dc7r|_2pyv
rs_adnctA{rGt ¦ p azd ~P¬ xLtyklvArk¢rsdcp)r|kltyv,­^_adJ|d ¦ tysdyÀzrs_adxasdc§Pkltym2{x2|tAbUkq{|kuvactyvP§ydJ|Adcv2cd¥Ldc_Zp©§Eklty
~ tEd]{4vat}rHvad]d]{|{sp}skuolgkubexaol±pyvnt)§Adcp}oloAsd ~ mZ/r|kltyvUt ¦ r|_adGctybexamzrp)rskutAv2p}oztE{r]­@µdcv2cdyÀ}klvUty ~ dcDr|t
ctybex2py|d7r|_adGctybexamzrp)rskutAv2p}oactA{r4t ¦ rs_adJ{|dGp}olytA|kur|_ab{JÀ)¤7d ¦ masvakq{_eklvUrsp}¥2oud]{ <pyv ~ r|_adwdJolpyx2{d ~
57#JrskubedL6 ~ klbedcv2{|kutAvaoldJ{s{+8 ¦ tydckur|_adJpyouAtysk¢rs_ab+p ¦ r|dJAyerskubede{rsdcx2{t ¦ oldcvayr|_  $i 3    {c­®¨dJp}v°vat}rsklcder|_2p}rn¥Lt}r|_ £ dc¤rstyv"¶ {p}olytA|kur|_2be{$py|d 6çkuv tAma$klbUx2oudJbUdJvErsp)rskutAvV8$py¥ZtAmzrUr|klbedJ{
ò	ò+Ð
Z2ä/ã([\
A   1"T	22 (		0 	
 
(
	 
" *-
¦ pA{rsdcr|_Zp}v&r|_ad azd ~P¬ xLtyklvErGp}olytyskur|_ab%­H^_akq{wtybexamarsp)rskutAv2p}o>Ep}klv&Jp}v&¥Zd$p}oq{|t±sdJct)§ydcsd ~ 6 ¦ styb
ZymasdJ{ p}v ~  8n¥P {klbexaol¯dJ{r|klbp)r|klvaªr|_ad³ctA{ret ¦ dJpA_ £ dc¤r|tAv kur|dJsp}r|kltyv kuv r|dJ|b{et ¦ r|_ad
vPmab±¥ZdJwt ¦D« mak ~ p}v ~ {tAouk ~ {tAou§Adc{Jp}olol{J­4py_ £ dJ¤r|tAv&kur|dJsp}r|kltyv&|d]ÂEmakusdJ{!
 p « mak ~ {tAou§Adcdc§)p}olm2p)rskutAv"À
 pe{tAouk ~ {tAou§Adcdc§)p}olm2p)rskutAv"À
 p}¥Ltymzr =UklvavadJ5Rw7i&kur|dJsp}r|kltyv2{6ñ¤wkur|_p±rstyoldcp}v2cdt ¦ 3     8/­
rr|_akq{xZtAkuvEr]ÀLkurkq{kubexLty|rsp}vErr|tsdcbpy|Ár|_2p}rd]py_cpyouoDt ¦ rs_ad « mak ~ {tAou§Adcmax ~ p)r|d]{Grs_ad « mak ~
bed]{_p}v ~ rs_adµctys|d]{xLtyv ~ kuva ¾  « mak ~ bp)r|skqdJ{JÀy¤w_2kuoldr|_adGrsp}v2ydcvEr « m2k ~ {|tyol§ydJDÁAdcdJx2{4r|_2dµ{|pybed
¾ ´bp)rs|ku ~ masklva%r|_ad	5R w7iªxastPcdJ{s{c­{$p%|d]{m2o¢r]À,p}v ~ {|kuvZde¤7dpy|d ~ d]p}olkuva³¤wkur|_°olkuv2dJp}
{|tyol§ydJs{JÀ}rs_ad$tE{rt ¦ d]py_ £ dc¤rstyvk¢rsdcp)r|kltyvkl{pyxaxast©Pklbp)rsdcolgr|klbedJ{r|_2dgctA{rt ¦ p « mak ~ {|tyol§ydJ
dJ§)p}olm2p)rskutAv"À3xaolm2{<Jr|klbedJ{r|_2dtA{rgt ¦ p&{|tyolk ~ {tAou§Adcdc§)p}olm2p}r|kltyv"­U^_akl{gdczxaolpykuvZ{µrs_adty¥Z{dJ|§Ad ~
t)§Adcp}oloHtybexamarsp)rskutAv2p}o7tA{rsd ~ m2r|kltyv"­³¥P§EkltymZ{olyÀ,r|_akq{xLdc ¦ tysbp}v2cdUskq{d]{$bnm2_°betysd¤w_adJv
rs_ad « mak ~ p}v ~ {|tyolk ~ {tAou§Adc{p}sdvatAv ¬ ouklvadJpyJ­
£ t)¤$ÀoldrmZ{p ~a~ |d]{|{eklv ~ drp}klol{r|_adctybex2p}skq{tAv ¥Ldr¤dcdcv rs_ad³dapA/r £ dJ¤r|tAv pyv ~ ÂEm2py{|k ¬
£ dc¤rstyvpyouAtysk¢rs_ab{c­H¥P§EkltymZ{olyÀAr|_ad 5Rwikur|dJsp}r|kltyv2{kuvr|_addapyr§Adc{kltyvpy|dµbUtA|ddzxLdcv ¬
{|kl§ydr|_2pyvklvrs_ad$ÂEm2py{|k>§ydc{|kutAv"­  v ~ dcd ~ Àzr|_2ddcapy/r £ dJ¤r|tAv"¶ {wpyouAtysk¢rs_abkuvP§Atyol§ydJ{r|_2dtybexamarsp ¬
rskutAvet ¦ pg{_2pyxZd ~ dcsku§)p}r|kl§yd¤w_akq_Ukq{5sdJÂEmaklsd ~ ¥Enr|_ad « mak ~ rsp}v2ydcvEr5xasty¥2oudJb 6Íy 8/­@Gt)¤dc§Adc]À)r|_2kl{
kq{$m2{|m2pyouolªctybexZdJv2{sp)r|d ~ ¥E¨p%|d ~ m2cd ~ vPmabn¥Ldct ¦£ dc¤rstyv°k¢rsdcp)rskutAv2{c­ ¾ tA$kuv2{rspyv2dAÀ ¾ klymasdJ{
&pyv ~ %p}v ~ rp}¥aoldJ{<pyv ~ %{_at)¤ r|_Zp)rJÀ ¦ ty  $ 3     {|dJctyv ~ {cÀ,r|_ad]{dpyouAtysk¢rs_ab{gdz_akl¥ak¢rnpctybex2pyspy¥aoud¥Ldc_2p©§Pklty]­
0
5
10
15
20
25
30
35
40
45
50
0 0.005 0.01 0.015 0.02 0.025 0.03
nu
m
be
r 
of
 it
er
at
io
ns
time
Newton
quasi-Newton
FP-Aitken
¾ klymasdn5iEr|p}kly_ErGPolkuv ~ dc  $ 3     {
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 y
0
10
20
30
40
50
60
0 0.005 0.01 0.015 0.02 0.025 0.03
nu
m
be
r 
of
 it
er
at
io
ns
time
Newton
quasi-Newton
FP-Aitken
¾ klymasd$ 57mas§yd ~ Polkuv ~ dc  $ 3     {
µouAtysk¢rs_ab 57 JVr|klbed
¾  ¬ Gkur|ÁAdcv <y­ y
  m2py{|k ¬Ï£ dc¤r|tAv a­É;
£ dc¤rstyv a­Éy
^Dp}¥aold<5²kubedcvZ{kltyvaoldJ{s{ 57 JVrskubedD6ç{r|p}kly_ErGPolkuv ~ dc(8
µouAtysk¢rs_ab 57 JVr|klbed
¾  ¬ Gkur|ÁAdcv <y­ y
  m2py{|k ¬Ï£ dc¤r|tAv a­Éy
£ dc¤rstyv a­ ;y
^Dp}¥aold35²kubedcvZ{kltyvaoldJ{s{ 57 JVrskubedD6çcmas§yd ~ Polkuv ~ dc(8
^_ad${|maxLdcskutA|kurt ¦ r|_adgdapA/r £ dJ¤r|tyv,¶ {p}olytA|kur|_2b(cp}v&¥Ldg{|klbUx2oukloloum2{r|p)rsd ~ ¥Pkuv2c|d]py{|kuv2
rs_adrskubed%{rsdcx"­  v ~ dJd ~ ÀHklv ZymasdJ{= p}v ~ <J2ÀD¤d{|xLdJk ¦ ¨r|_ad&vPmabn¥LdcUt ¦ kur|dJsp}r|kltyv2{nt ¦ dJk¢rs_adc
bedcr|_at ~ p}rµdJpA_rskubed±oudJ§ydco<À2¤wkur|_r|klbUdU{rsdcx  $603   
 {c­G^_ad azd ~P¬ xZtAkuvErpyv ~ ÂEm2py{|k ¬Ï£ dc¤r|tAvpyouAtysk¢rs_ab{ ¦ p}kloZr|t±ctyvP§ydJ|AdGp ¦ rsdc5r¤trskubed{rsdcx2{!Dr|_adp}olout)¤d ~ bp)zklbnmab vPmabn¥Ldct ¦ kur|dJsp}r|kltyv2{
kq{Gklv³¥Lt}r|_Jpy{|dJ{wsdJpA_ad ~ Àa¤w_adcsdJpA{r|_2ddapyr £ dJ¤r|tyv,¶ {µbUdcr|_at ~ ctyvP§ydJ|AdJ{p}v ~ |d]ÂAm2kusdJ{wpolt)¤
6Íp}olbetA{rtAv2{rp}vEr-8vEm2bn¥Ldct ¦ k¢rsdcp)rskutAv2{c­^_2kl{kuololm2{rssp}r|d]{r|_2d dzxLdJr|d ~ ytPt ~ ctyvP§ydJ|Adcv2cd
x2|tAxZdJrskud]{t ¦ rs_ad £ dc¤rstyv"¶ {bedrs_at ~ m2{|klvadapA/rµpAtA¥aklpyv2{$dJ§©pyoumZp)r|kltyvZ{c­ ¾ klymasdJ{ < <pyv ~ <©
{|_at)¤ rs_addJ§ytAoumzrskutAvt ¦ r|_adsdJ{|k ~ mZp}o ~ maskuva±r|_2dkur|dJsp}r|kltyvx2|tzd]{|{7klv¥Lt}r|_ £ dJ¤r|tyv,¶ {p}olytA|kur|_2be{
ò	ò+Ð
Z2ä/ã([\
}f   1"T	22 (		0 	
 
(
	 
" *-
0
5
10
15
20
25
0 0.005 0.01 0.015 0.02 0.025 0.03
nu
m
be
r 
of
 it
er
at
io
ns
time
Newton
quasi-Newton
FP-Aitken
¾ klymasdT=5iEr|p}kly_ErGPolkuv ~ dc  $ 3   
 {
0
5
10
15
20
25
0 0.005 0.01 0.015 0.02 0.025 0.03
nu
m
be
r 
of
 it
er
at
io
ns
time
Newton
quasi-Newton
FP-Aitken
¾ kuAmasdH<] 57mas§yd ~ cEolklv ~ dc  $ 3   
 {
p}r±rs_adr|_akl ~ r|klbed%{r|dJx"­¯®¨dbp©°ty¥Z{dJ|§Adr|_Zp)rUr|_ad%ÂEm2py{|k ¬ö£ dJ¤r|tAv"¶ {Up}olytA|kur|_2bkq{Umav2py¥aoudr|t
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 A
sd ~ m2dwrs_adµsdJ{|k ~ m2p}oZp ¦ r|dJ<]ygkur|dJsp}r|kltyv2{JÀy¤w_akloldGr|_2dµdapA/r £ dc¤r|tAvtyvaolU|d]ÂAm2kusdJ{5nk¢rsdcp)rskutAv2{4r|t
sdJpA_rs_adtAvE§AdcsydJv2dµr|_asdJ{|_atyo ~ ­
1e-08
1e-07
1e-06
1e-05
0.0001
0.001
0.01
0 20 40 60 80 100
re
si
du
al
number of iterations
Newton
quasi-Newton
¾ kuAmasdH< <5iErsspykuA_ArGcEolklv ~ dc  $ 3   
 {
1e-08
1e-07
1e-06
1e-05
0.0001
0.001
0.01
0 20 40 60 80 100
re
si
du
al
number of iterations
Newton
quasi-Newton
¾ kuAmasdH<©3 57mas§yd ~ cEolklv ~ dc  $ 3   
 {
ò	ò+Ð
Z2ä/ã([\
 ;   1"T	22 (		0 	
 
(
	 
" *-
,drnvatyr|kqders_2p)rrs_adklvak¢rsklpyoAmadJ{s{gm2{|d ~ klv¨tAmanctybexamzrp)r|kltyvZ{cÀ ¦ tyn{rspyrskuva³d]py_ £ dJ¤r|tyv,¶ {
oltPtyx"ÀDkq{¥2pA{d ~ tyv¯p³dcErsspyxZtAolp}r|kltyv°t ¦ rs_ad ~ kq{x2olpAdcbedJvAr±t ¦ r|_adxasdc§PkutAm2{grskubed{r|dJx2{ 6Í{dJdyÀ ¦ ty
klv2{rspyv2dAÀ>9 APÀy}aÀ$<;N?G8/­ 57tyv2{|dJÂEmadJvEr|olyÀ)oqp}sydc	r|klbedG{rsdcx2{DoldJp ~ rst¤ty{|dklvak¢rsklpyozymad]{|{4pyv ~ rs_adcv±r|t
p_akly_2dc5vPmab±¥ZdJHt ¦ k¢rsdcp)r|kltyvZ{c­D^_adw§)p}sklp}r|kltyv2{4t ¦ rs_ad « mak ~e~ tybp}klve¥Zd]tAbUdrs_Pm2{Hbetysd|dJoudJ§©pyvEr
pyv ~ ÀPrs_adcsd ¦ tA|dAÀPr|_ad{|_2p}xLd ~ dcskl§©p}r|kl§yd]{T6 <J28cp}v&vatyrG¥ZdgvadJyoldJ/rsd ~ klvM6<}28­
   
&7-&,c

J{klva £ dc¤rstyv³¥2pA{d ~ bUdcr|_at ~ { ¦ ty{tAou§Pklvaer|_ad±vatyv ¬ olkuv2dJp}tym2xaoud ~ {z{r|dJbe{µp}skl{|kuv2kuv³rs_advPm ¬
bedJ|kqcpyo7p}x2xa|t©zklbp)r|kltyv t ¦w« mak ~P¬ {rs|m2r|masdklvEr|dJspA/r|kltyv xa|tA¥aoldcb{cÀHsdJÂEmaklsdJ{dJ§)p}olm2p)rskutAv2{t ¦ r|_ad
pAtA¥aklpyvSpA{|{|tzkqp)r|d ~ r|t ctymaxaold ~ vatyv ¬ olkuv2dJp}&xasty¥aoldcb%­ JGxSr|t vat)¤$ÀGrs_adJ{|d°dc§)p}olm2p}r|kltyv2{&¤dcsd
pyxaxast©zkubp)rsd ~ dckur|_adJm2{|kuva 2v2k¢rsd ~ k1S>dcsdcvZdJ{ 9 yzÀ7)f2À><}À <=N?ÏÀ7tA¥P¯kuvErs|t ~ m2ckuv2¯{klbexaouk2d ~
dczxa|d]{|{|kltyv2{K9 <}À<;zÀ,zÀ	EÀ<©?Ï­  v¨p}vPcpA{dAÀ3¤wk¢rs_ªp&oltA{s{µt ¦ {|tybednt ¦ r|_2dectyvP§ydJ|Adcv2cd ¦ dJp}r|masdJ{
t ¦ rs_ad £ dc¤rstyv"¶ {Ubedr|_2t ~ ­  v r|_akq{p}|r|kqoldyÀ7¤7d&_2p©§AdxastyxLtA{|d ~ pªv2dc¤ {r|p)rsdcy¯ctyv2{|kq{rskuva¨klv
klbexaoldcbedcvEr|klvaolkuv2dJp}skBAcd ~ {|tyol§ydc{7kuv%ty ~ dJr|tedc§)p}olm2p}r|dyÀ2kuv³petAv2{kq{r|dcvErw¤p©yÀPr|_2d ~ k1S>dcsdcvErHpAt ¬
¥2klpyv2{GklvP§ytyol§yd ~ kuvr|_ad £ dJ¤r|tyv,¶ {p}olytyskur|_ab%­µ^_ad±bp}klv tAvArs|kl¥amzrskutAvt ¦ rs_akq{µx2pyxZdJctyv2{|kq{r{Gklv
d]{rp}¥aolkq{_aklva&r|_2ddzxasdJ{s{kltyv2{t ¦ rs_adJ{|dgpycty¥akqp}v2{JÀ"klv°r|_adJpy{|det ¦ p³tym2xaoud ~ {|z{rsdcbtyvZ{kq{rskuv2
t ¦ pyv%kuv2ctybexasdJ{s{kl¥aold £ dc¤rstyvakqp}v « mak ~ klvEr|dcpyr|klva¤wkur|_pUvatyv ¬ olkuv2dJp}wdJolpA{rskl${|tyolk ~ m2v ~ dcµolpy|Ad
~ kl{|xaoqpydJbedcvErs{J­$vr|_adUvPmabedcsklJp}o,§Pkldc¤ xLtyklvErJÀ>r|_2d £ dJ¤r|tAv"¶ {bedrs_at ~ _2pA{µ¥LdcdJvklbUx2oudJbUdJvEr|d ~
klv³py² |d]{d]p}_t ~ d$klv&r|_ad±cpy{|dgt ¦ peolkuvad]p}wdJolpA{rskl${|tyolk ~ ­54dc ¦ tysbUklva{|dc§Adcp}o>vPmabedcsklJp}o3d ¬
xLdcsklbUdJvErs{wp}ololt)¤7d ~ m2{r|t{|_at)¤ _at)¤!r|_adgdczpA/rsvadJ{s{oudJ§ydco>t ¦ r|_2dpytA¥akqp}vdJ§)p}olm2p)rskutAv2{kuv « madcv2cdJ{
~ spA{rsklJp}olouers_adtAvE§AdcsydJv2dxa|tAxZdJrskud]{t ¦ r|_ad £ dc¤r|tAv"¶ {outPtyx,­
^_adJ|dgdcPkq{r{|dc§Adcp}o>¤p©z{7t ¦ kubexast)§Pkuvanr|_ad$sdJ{|maours{xasdJ{|dcvEr|d ~ klv&r|_akq{x2p}xLdc]­ ¾ ku{rw¤d{|_2pyouo
bet)§Ad ¦ styb p%olklvadJpygr|t³p&vatyvaolklvadJpy$dcoqpy{r|kqU{|tyolk ~ ­^_adcv°¤dUbp© p ~a~ sdJ{s{r|_adersdJ_av2klJp}oHxLtyklvAr
ctyv2{|kq{rskuvakuvªxasdJtAv ~ kur|kltyvaklvars_ad 5Rw7i k¢rsdcp)rskutAv2{ ~ ma|klvar|_ad £ dJ¤r|tyv,¶ {outPtAx 9B<=zÀ,?Ï­$®ªd
{|_2pyouo,pyol{|tklvE§AdJ{r|klAp}r|dgr|_2d±p}x2xaoukqcp}r|kltyv%t ¦ tAmaµp}x2xa|tEpy_%klv%r|_adnJpy{|dt ¦5~ kq{||dcr|kq{|p}r|kltyv2{klvP§ytyol§Pkuv2
{|x2pAd ¬ r|klbed 2v2k¢rsddJoudJbUdJvErs{ 9 <(?<­ maUmav ~ dcsouPklva bet}rsku§)p}r|kltyv¯kq{cÀkuv p}vP cpy{|dyÀDrstª¥Ld&py¥aoldr|t
x2|t)§Pk ~ d ¦ pA{rpyv ~ sdcolkqp}¥aoldU{|klbnmaoqp)rskutAv2{t ¦ rs_adbedJ_2pyvakqcp}o4klvEr|dcpyr|kltyvª¥Zdcr¤7dJdcvªr|_ade¥aoltPt ~ p}v ~
rs_adp}|r|dJ|kqp}o>¤p}olo9C<JfaÀ2}aÀ;aÀ2aÀ <;zÀ:<)?ÏÀat)§ydJ{|dc§Adcp}o3cpy ~ klpAµ¥LdJp}rs{J­
  
&G(-w&nw
±	
¾ kls{r7pymzr|_atA¤py{7{max2xZtArsd ~ ¥P±r|_ad$iP¤wkq{|{ £ p)rskutAv2p}o>izkldcvZd ¾ tymav ~ p)rskutAv6çctyvEr|pyrvPmabn¥Ldc} ¬
;E$< <Ja­ ><N8/­"iPd]tyv ~ p}mar|_atA,¤py{D{max2xZtArsd ~ ¥Pr|_adwiPdJbUd]{rsdc45styAspyb  Rp)rs_adcbp}r|kqcp}o2R³t ~ dcololkuva
t ¦ rs_ad5p} ~ klt)§©pA{|cmaoqp}wiPz{rsdcb t ¦ rs_ad  7dJ|v2tymaoloukF57dJvEr|dcGp}rwr|_ad$ ¾ 5­
  e&$8ª&*D/.g	/.6-&-
®¨dtAv2{|k ~ dJwpU{|betPt}r|_ ~ tAbp}klv  6  
 p}v ~ pUtyv2d ¬ r|t ¬ tyv2dbp}x2xakuv2 F6 9  ¤w_adcsd
  9  :#< BA>    U6  9  "  
   
 &8   E  U6  9  "  
   
 & I
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 E
¤wkur|_  3 ­
®¨dkuvErs|t ~ m2cdrs_ad7r|p}v2{|xZtArsd ~±~ tybp}klve "5&- "   & ­	®¨dkuvErs|t ~ m2cdp{scp}oqp}Dx2pyspybUdcr|dJ 
pyv ~ p±xLdc|r|mas¥2p)rskutAvbp}xax2kuva D  6   9  pyv ~ ¤d{|dr  1" 5  D & p}v ~      z­5^_ad
¦ tAouolt)¤wklva±k ~ dJvArsk¢rskud]{Gp}sdgdJpA{erst§ydcsk ¦ yÀ	7¸  ¯ K
@ &
  D  :!<         ')(OD 
@ & *   E . D     E  D 
®¨d$klvArs|t ~ mZdr|_ad$m2vak¢rGtAmzr¤p} ~ vatA|bp}o>rst  "&g:#<  =  "5& ¥P
6"&-    H     H
¤w_2dcsd   kq{mavakurGtymzr¤p} ~ vatA|bpyo>r|t   :!<  =   ­H®¨d$_2p©§Adµrs_ad ¦ tyolout)¤wklvaek ~ dcvEr|kur|kldJ{JÀ	7¸  ¯ S
@ &  @  &  +* D   @  &  |"UD & ) Z*
@ &  @  &  Z+*  D   @  &  |"UD &+*
G |"UD &  * ')(OD   " D &  . 
®¨dp}oq{|t±_2p©§Adr|_ad$oqpy{s{|klJp}o35kltyoqpUk ~ dJvEr|kuryÀ	7¸  ¯   ')( * a ' (7  " &  .   6Íy 8
£ t)¤ ¤7d¨tyvZ{k ~ dc&p ¦ mavZ/r|kltyv  "5&   "5&   
 ~ dJxZdJv ~ klva tAv r|_ad¨bp}xax2kuva  ­ ®¨d¨{|dr "  &g:#<   "5@5  &   "5 5  D & 
 ­&¸  ç¼ K d MH
 G>-"$	E* %
	  "&  
H%mH 0-.>y
(~
  (w
 N "5  D & 	
G>H
++* %
	 D   , C
	WU:P  ()
 "  D & :!<   )'#"%$   "  & MI"5 5  D &   "&M`	7¸  ¯  '&)(  +*-,/.10 ¸  y ç¼ S32  7K-4
@ &  1  &   );Z> D   1  &  
 "  "5  D &)5  ) -"5  D &;5 "' (D &  )3J
ò	ò+Ð
Z2ä/ã([\
y   1"T	22 (		0 	
 
(
	 
" *-
,dr  "   & ¥Ld&p ykl§ydJv¯p}¥2{r|pyr ¦ mav2r|kltyv2pyo{|x2pAdt ¦G¦ mav2r|kltyv2{ ~ dZvad ~ tyv   ÀH¤7d ~ d2v2dkurs{
rsspyv2{|xZtArsd ~ klbp}Adrs_astymaA_  py{ ¦ tAouolt)¤G{cÀ
 "  "&,& :#<  A K M`  EZ K 6  "   &;Ii	7¸  ¯    O "  
&(!"- , & R 6  "  "5&'& X 8@"  "&,& #G> 
C	2L% 	V) % 
C  ("
@ &  1  &   )Z D   1  &  "')(OD &  )  6Í></8
@ &   1  &  , ')(    D   1  &  , ')( A  *a')(D   "  D &  . I > 6ÍA 8
@ &   1  &  	g"  
 &  Z  D   1  &  	g"  
& * ')(D   " D &  .  Z>
  1  &   *    D @5 " D &  "   &  .  Z > 6Íy 8
  ¼"¼s­ ¬  vr|_2d{xLdJcklpyo"cpy{|dg¤w_adcsd O "  
&(!"- , & R 6  "  "5&'& X 8 "  "&'& ÀZtA¥P§EkltymZ{ol¤7dg_2p©§AdO,"  "  D &( 
 "  D &'&8 " |"  D &8 , "  D & R  O,"0N &8 " , & R
rs_adcv%m2{|klva"dcbebpUf2Àa¤dg_2p©§yd
@ &  1  &   );  D ^  1  &  
 "' ( D &  )3 
^_2dv2dPrG|d]{m2o¢r{ ¦ tyolout)¤G{m2{|klvaUr|_ad ¦ tAouolt)¤wkuv2±k ~ dcvErsk¢rskud]{cÀ 1  & , ')(  ^  1 4 K, ')(A  K   I >  1  &     Z^  1 4 SK   E   K   E > 
pyv ~ r|_ad ~ d2v2k¢rskutAv 	g"  
&-  
 5  *   5 "  &  . ­
 w')*4w
w
9C<?i3­}G|r|olkl_npyv ~ ® ­
RpAÁydJv2{c­ £ dJ¤r|tAv ¬ ctymax2ouklvaµt ¦ azd ~ xZtAkuvEr4k¢rsdcp)rskutAv2{c­  vn® ­ @pyÁP¥am2{s_
pyv ~ 5U­3® kurrsmab%À"d ~ k¢rsty{cÀ  T"$O(%*=I) )O	V  O*-
"/.0B+LEMN(/À3§ytAoumabede$<nt ¦  K'
	W ,"$(%*
 "$% +*-0	%*/À2x2pyydJ{!<0<J2ÀP® kud]{¥2p ~ dcv,À <= =Az­ µkldc¤dcZ­
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2  =
9 
? Z­ ^g­  p)rskuv2p2­JGv2{r|d]p ~ 5maoldcDp}kl ¦ tAkuoA{tAoumzrskutAv2{3m2{|klvaGmav2{r|sm2r|masd ~$~ Pv2pybekl4bedJ{|_ad]{c­ U  U U
QlÀZy6Í 8 B<JA><0<JAy2À$<= =Aa­
9 ?TR¯­N57dcs§ydJsp2ÀJ$­
57t ~ kuvZpaÀ©p}v ~ R ­ 5gp}olkuv ~ t2­Avr|_2d7tAbexamzrsp}r|kltyv2pyo}d@ckudJv2p}v ~ klbexaoudJbedcv ¬
rp)rskutAv¨t ¦ ¥2outzÁ ¬ kur|dJsp}r|kl§ydep}olytA|kur|_ab{ ¦ tynvatyvaolklvadJpytym2xaoud ~ x2|tA¥aoudJb{c­ W 	 _Q 
 .0"$]QlÀ
<]6); 8  f zy2ÀV</= = ;2­
9 f ?g4­ 5U­V57klpy|oldr]­ 
G>y
 %*=F,N( %* MBQQ Q$/Àz§ytAoum2bUdg}nt ¦ )"%(!	  
G>4)%*m	0
) U . .0%*
 %
	/­ £ tArs_ ¬ @Gtyoloqp}v ~ 5ma¥aolkl{|_aklva 57t2­lÀaGb{r|dJ ~ pyb%À <=Aya­
9 
?i3­P²dcxZp}skl{J­ U P  M
H)(%*  Y	 O
/	2  
y
	m	0U 7"$%&'- ("*)"$ 	V'2 * %
	
  &
(G 
[C/# U
M/ 	}­L5_2² rs_adJ{|kl{JÀ	ctyoldDtAouErsdJ_avakqÂEmad ¾  ~ cp}old ~ dw,p}mZ{|pyvavadyÀ
yyyf2­
9 ;?i3­P²dcxZp}skl{JÀ2R¯­ n­ ¾ dcsv
}v ~ dAyÀPp}v ~ 5­ ¾ tA|bp}Aykqpa­3wccdcoldcp)rskutAvUt ¦ p azd ~ xZtAkuvErp}olytyskur|_ab
¦ tA « mak ~P¬ {r|sm2r|masdµklvEr|dcpyr|kltyvmZ{klvarsspyv2{|xakup)rskutAvtAv ~ kur|kltyv2{J­
  ^ U    
G Q   )Q: T"$&
OQ U 	 QlÀ2E>6ñf8  ;y><;<;aÀE}yAa­
9ÉN?i3­²µdJx2p}skq{cÀ Z­ ¬Ï¾ ­ 5dcs¥LdJp}m,À7p}v ~ ­ 5py{s{dJmaJ­ ²µPv2pybUkq 5Rw7i ¬ ¥2pA{d ~ x2|d]tyv ~ k¢rskutAvadc
¦ tA £ dc¤r|tAvty   m2py{|k ¬Ï£ dc¤r|tAvp}olytyskur|_ab{H¤wkur|_pyxaxaolklJp)rskutAver|t « mak ~ {rs|m2r|masdGklvEr|dcpyr|kltyv"­
izma¥abek¢r|r|d ~ ÀLyy}fZ­
9 ? Z­}²tyvad]pa­aGvpy|¥akur|p}sgolpyyp}vaAklpyv ¬ dcmaoldcsklpyv 2vakur|dwdcoldcbedJvArHbedrs_at ~¦ tA4r|p}v2{|kldcvEr ~ EvZp}bekl
« mak ~z¬ {r|sm2/rsmasdklvEr|dJspA/r|kltyvZ{c­ 
 .0"$]Q  G>/N U . .0)Q* +*- Q W 	2aQlÀ2y ;A = a}yaÀV<=yEz­
9 =?$^g­ ¾ pyvakltyv"À2R ­ n­ ¾ dcsv
}v ~ dA ÀAp}v ~ D­E"dµ^Dp}ololdJ}­3²dcsku§Pklvap ~ dJÂEm2p)rsd ¦ tysbnm2olp}r|kltyv2{ ¦ tA « mak ~P¬
{r|sm2r|masdekuvEr|dJspA/rskutAv2{gxasty¥aoldcb{! ¦ styb µ"´rst&r|p}v2{|xaklsp}r|kltyv"­JQ W "$++./		07 Q 	V ÀI=6); ¬ 8( ;A>< 2)AaÀZyyy2­±µol{|t%kuv°­,²dcs§PkudJmz3À"d ~ k¢rsty]À  1"$%
&   ("*)"$  (	2 *)%	2À
_Zp}xzrsdcGaÀ  tyEp}v4pyydizckudJv2dAÀa"tyv ~ tyv"À2yyAa­
9B<J?,5­ ¾ p}s_2p)r]ÀIR¯­4,dJ{|tyklvavadAÀ4pyv ~ 4­5"d&^	pyouoldJy­ª,tAp ~ pyv ~ bet}rskutAv r|p}vZ{ ¦ dJUpyouAtysk¢rs_ab{ ¦ ty
« mak ~ {r|sm2/rsma|d kuvEr|dJspA/rskutAv x2|tA¥aoudJb{¤wkur|_ vatAv ¬ bep}rs_aklva ~ kq{ssdr|d kuvEr|dJ ¦ pAd]{#ªbUtAbedcv ¬
rsmab pyv ~ dJvadcsy%tAv2{dJ|§)p}r|kltyv"À>tyxar|klbepyo ~ kl{ssdrskCA]p)r|kltyvªp}v ~ p}xaxaolkqcp)rskutAv³r|t%p}dJ|tPdJolpA{rsklck¢rA­
  .E"$/Q* 
 U . .0 Q* -*- Q W 	 _QlÀ <©A>6 < ¬  8( =E E< <cfZÀ$<= =ya­
9B< <?R¯­ n­ ¾ dJ|v
yv ~ dAUpyv ~ R¯­ R³tym2¥2py_akl]­UiPdJv2{kur|kl§Pk¢rªp}v2pyouz{|kl{ ¦ typyvªklv2tAbexa|d]{|{|kl¥aoudep}dJ|tPd ¬
oqpy{r|kq${|P{r|dJb%­  Q*   m 
 U . .0 Q  * QlÀ <]>6Í 8(C< <J = 0< <Jy2ÀA}AAa­
9B<]
?R¯­ n­ ¾ dcsv
}v ~ dA pyv ~ R ­#Rtyma¥2pA_aklJ­ Gv!dapyr  7oltzÁ ¬Ï£ dc¤r|tAv p}olytyskur|_ab ¦ ty{|tyol§Pkuv2
« mak ~z¬ {r|sm2/rsmasd&klvEr|dJspA/r|kltyv xasty¥aoldcb{J­ Q Q[ 
G Q U * BQ  * Q 	K( /ÀA ;V6ç 8( ;A><;y ;aÀ
yyAa­
9B<J?R¯­ n­ ¾ dcsv
}v ~ dAµpyv ~ R ­R³tyma¥Zpy_aklJ­>Gvdapyr  outzÁ ¬Ï£ dc¤rstyvp}olytA|kur|_ab ¦ tyr|_ad{tAoumzrskutAv
t ¦ klbexaolklck¢rHrskubed ~ kq{|c|dcr|kBAcd ~ tAmaxaold ~ {z{r|dJbe{4klvP§ytAou§Ad ~ klv « mak ~P¬ {r|sm2r|masdkuvEr|dJspA/rskutAvnxasty¥ ¬
oldcb{J­  v  ­  Z­  p}r|_adAÀAd ~ k¢rsty]À  +*-	0u 	  
	/+	E*+K
	 
 .0"$j
 %
	 1"$%x	0  
% -*-0
	V%*(/ÀH§Atyolmabed%t ¦  
 .0"$j
 %
	
 "$%#
	E  
% -*+
	V%*(/ÀHx2pyydJ{<]yP 0<]}fV<yÀ
5pybn¥ask ~ ydO6%R 8/À ymav2dO<© ¬ }U}Aya­P5oq{|dc§PkudJJ­
ò	ò+Ð
Z2ä/ã([\
A   1"T	22 (		0 	
 
(
	 
" *-
9B<cf ?g­ ¾ tysbp}yAklp2À	 2­ ¬ö¾ ­+5dcs¥Zd]p}m"À ¾ ­ £ ty¥akloudAÀEpyv ~ ­   m2pyrsdcstyvak<­>vers_adctymaxaolklvat ¦ A²!p}v ~
<]² £ p©§PkudJ ¬ iErstyÁyd]{wdJÂEm2p}r|kltyv2{ ¦ ty « t)¤ xasty¥2oudJbe{klvªtAbexaoukqp}vErg§yd]{|{|dcoq{c­  
 .0"$]Q 
U . .E Q* -*+ Q W 	2 )aQlÀ </=>< 6); ¬ 8(  ;>< a}EzÀy}A><A­
9B<]
?g­ ¾ tysbp}Aykqpp}v ~¾ ­ £ ty¥akloldy­	V{rsp}¥2kuolk¢rpyv2p}olz{kq{ ¦ tArs_adgp}s¥ak¢rsspy|e,pyyp}vaAklpyve5maoldcsklpyv
¦ tA|b±maoqp)r|kltyv&¤wkur|_ 2vakur|d$dJoudJbUdJvErs{J­ W N( &  - Q0 ,"$Q  
G QlÀ3$6Í 8 B<JE 0<]><AÀ<= = =2­
9B<;? Z­ ¬Ï¾ ­ 5dcs¥LdJp}m p}v ~ R ­ µk ~ py{sm"­  ÂEm2pA{k ¬ö£ dc¤rstyv pyouAtysk¢rs_ab ¥2pA{d ~ tyv p!sd ~ m2d ~
bet ~ dJo ¦ ty « mak ~ {rs|mZ/r|m2|dxasty¥aoldcb{klv¥aoltPt ~« t)¤G{J­  ^ U    Q    Q  T"$OQ U 	 QlÀ
P$6çf28  ;y< $;}fPzÀEyyy2­
9B<©N? Z­ ¬Ï¾ ­-5dcs¥LdJp}m,À>R ­ µk ~ py{sm"Àzp}v ~ 4­ ¾ |dJy­ ¾ olmak ~P¬ {rs|m2r|masdkuvEr|dJspA/rskutAvklv¥aoltPt ~« t)¤G{tAv
AdctAbUdcr|skud]{tybeklva ¦ |tAb bed ~ klJp}o3klbepyyklva2­H^	dJ_av2klJp}o"wdJxZtArµ}EyaÀ £   ÀL}yAa­
9B<J?R¯­ G­$5ma|r|klv"­ U 	 	  /
"*)%	  *-
	V)	V"$"$ -*-0	%*ÀZ§ytAoumabed<]ynt ¦  y
 %*(,	
 *%	0*-x
	E W 		E-(	}­5wJp ~ dJbUkq5sdJ{s{  v2}­lÀ £ dJ¤ 5tA|Á>À:</=y><A­
9B<=?R¯­ @GdJkuo<­Gv d@ckudJvEr${|tyol§ydJ ¦ tygr|_2d ¦ maouol ¬ ctymax2oud ~ {|tyolmzrskutAvªt ¦ oqp}syd ¬ö~ kq{x2olpAdcbedJvAr « mak ~P¬
{r|sm2r|masdgkuvEr|dJspA/rskutAvxasty¥2oudJbe{J­ 
 .0"$]Q   G>/N U . .0 QM  -*- Q W 	2 )_QlÀL}yAa­  v%xa|d]{|{J­
9É}?g^g­  Z­ $­@GmaA_adJ{JÀz® ­  ­Z"klm"À2p}v ~ ^g­  ­LklbebUdJ|bpyvav"­H,pyyp}vaAklpyv ¬ maoudJ|kqp}v 2vakur|d$dcoldcbedJvAr
¦ tA|b±maoqp)r|kltyv ¦ tyUkuvZtybexasdJ{s{|ku¥aold&§Ekq{stymZ{ « t)¤G{J­  
 .0"$]QK 
 U . .E Q[  -*- Q W 	)aQlÀ
 =6Í 8  A = z}f =2À</=y><A­
9É$<?4­",dU^Dp}oloud]}­ £ m2bUdJ|kqcpyo4bUdcr|_at ~ { ¦ tAv2tyvaolkuv2dJp}r|_2|dJd ¬ö~ kubedJv2{kltyvZp}o,dJolpA{rsklck¢rA­  v
	0&-/ O  ,	"$O(%*=*	
 MN- V
)Q//À@µp}v ~ ¥"­ £ mabedc]­Zµv2p}o<­uÀ  ÀZx2pyyd]{wf ;E ;Eya­ £ ty|r|_ ¬@µtyololpyv ~ À2µb{rsdc ~ p}b%À:<= =}fZ­
9Éy
?4­",d±^Dp}oloud]np}v ~  Z­0R³tAmast2­ ¾ olmak ~ {r|sm2/rsmasdnklvArsdcpyr|kltyv³¤wkur|_ oqp}syd±{rs|m2r|map}o ~ kq{x2olpAd ¬
bedJvAr{c­  .E"$/Q* 
 U . .E Q* -*+ Q W 	)aQlÀ </=yV6Í)f zA 8  yA = P} ;APÀ}}A><A­
9É}? @n­ 5U­$Rp}rrs_akud]{p}v ~  Z­ziEr|dJkuv ~ ty ¦ ­"Hp}|r|kur|kltyvad ~ ¥amzrw{rs|tAvayoletym2xaoud ~ kur|dcp)rskutAv{s_adcbedJ{ ¦ ty
v2tyvaolkuv2dJp} « mak ~z¬ {r|sm2/rsmasdklvEr|dJspA/r|kltyv,­  .E"$'  )("* "$ (/ÀzyC</= =< 0</= = =aÀy}AAa­
9É)f ? @n­ 5U­Rp}rr|_2kud]{p}v ~  Z­iErsdcklv ~ tA ¦ ­ 4pyrsk¢rskutAvad ~ {r|styva ctymax2ouklva p}olytA|kur|_2be{ ¦ tA « mak ~P¬
{r|sm2r|masdgkuvEr|dJspA/rskutAv"­ .E"$'   ("* "$ /ÀE< yA P<]zÀP}Aya­
9Éy
?g²±­ D­QR³tyÁ>À"® ­ ­,®¨pyouo<À,p}v ~ G­	Gp}beb%­wcdJoudJsp}r|d ~ kur|dcp)rsku§AdU{|ma¥2{r|sm2r|klva³{|_adJbedJ{ ¦ ty
klv2{rsp}r|kltyv2py| « mak ~P¬ {rs|m2r|masdklvEr|dcpyr|kltyv"­  v  .E"$g)%	E 7"$%
	E% -*-0	%*=
0
 Q `  ^  
y(% 	  U  ^	B`
 ÀZx2p}AdJ{!<JEy E<JE}a­A5oq{dJ§Ekldc]ÀaGb{r|dJ ~ pyb%À2}y<y­
9É;? @n­/Rtyp}v ~ pyv ~ $­}_2p©ytAv"­. "$%
&  )("*)"$+8	= *)%	2­  Aty_2v$® kuoldc
 iPtyvZ{cÀ 57_akq_adJ{r|dJJÀ
</= =Ez­
9ÉAN?® ­ ® ­ £ kl_2tyoq{p}v ~ R ­ ¾ ­D±¶ wtymasÁydA­R  *H
	C UC//R C 	 U ('(%(Q E>-  %*
 
:P.>(O	Vg*
	E *	%*$.0(	E* .EC­Gsvatyo ~ Àa,tyv ~ tAv"À:<= =y2­
ÜñðDò"ÜÞÝ
 
	
	! #"$%&'()("*)"$+,*-
"/.01	2 <
9É}? ¾ ­ £ ty¥akloudA­  ,"$(%*
'+. .0 RP y
 %
	  ! 7"$%
&'()("* "$ W	= *)%	 .0 .CWG¡+.E&
.E%*
 %
	 ' 0 O M
	
H%*­5_2²(r|_ad]{kq{cÀ tAoud4tyolEr|d]_avakqÂAm2d ¾  ~ cp}old ~ d,p}mZ{|pyvavadyÀ
yy<y­
9É=?$i3­,5klxZdJ|v2t2À 5­ ¾ py|_Zp)rJÀDp}v ~  ­		p}s|tAmzr|m2|tAm"­Hp}|r|kur|kltyvad ~ x2|tzd ~ masdJ{ ¦ tA$r|_adr|p}v2{|kudJvEr
{|tyolmzrskutAv±t ¦ tAmaxaold ~ p}dJ|tPdcoqpy{r|kq7xa|tA¥aoldcb{c­  ­R³t ~ dJoaxasty¥aoldcb%À©rs_adctA|npyv ~ r¤7t ¬Ï~ klbedcv2{|kltyv2pyo
pyxaxaolklJp)rskutAv"­ .E"$/QM  G>/N U . .0 QM  -*- Q W 	2 )_QlÀ <])f06 < ¬  8 è
= E< <©zÀ$<= =Aa­
9 y? Z­iPtAÁyt Þt)¤G{|ÁPkp}v ~  Z­ ¬ 4­ LtAo]{klt2­ (	V) /
"* %
	 Y +.Y-.0 ,)%	2À§AtyolmabedY</; t ¦
 .0(	   (%	  
 .0"$j
 %
	¼ 
G>y
 %*(/­7iPx2|klvaydJ ¬ Hdcsoqp}2À  dcsouklv"À:</= =Aa­
9 ><?g^g­ G­E^,dA ~ maEp}]­ ¾ kuv2k¢rsdGdcoldcbedcvEr5bedrs_at ~ { ¦ tA « mak ~~ Pv2p}bekqc{4¤wkur|_bet)§Pkuv2¥Ltym2v ~ p}skldJ{Hp}v ~
klvEr|dJ ¦ pAdJ{J­ U  *- Q  
 .0"$]Q* G>/N W 	 _QlÀL y E<JAaÀEyy<y­
9 A
?g^g­ G­>^,dA ~ m2Ap}]À>R ­  7dJ_a]À2p}v ~  Z­2,kutAm"­7 v2dc¤ {rssp}r|dJy ¦ tA 2vakur|ddJoudJbedcvErtAbexamzrsp}r|kltyv2{
klvP§ytAou§Pklvabet)§Pkuva±¥ZtAmav ~ py|kldJ{7p}v ~ kuvEr|dJ ¦ pAd]{öh r|_ad ~ d ¦ tA|beklva ¬ {|x2p)rsklpyo ¬ö~ tybpykuv  {xZpyd ¬ rskubed
x2|tzd ~ masdy­  ­E^_adµctyv2cdcxzrpyv ~ r|_adµxa|dJouklbekuvZp}svPmabedcsklJp}ozrsdJ{rs{J­   .E"$/Q 
 U . .0)Q -*- Q W 	2 )_QlÀV=}fV6Í 8( A = zA><yÀ></= =Aa­
9 y?g^g­ G­^	dA ~ maApyJÀR ­  dc_a]Ài>­,R³kurrspyoÍÀpyv ~  Z­$"kltym"­  vadc¤ {rssp}r|dcA ¦ ty 2vakur|d dcold ¬
bedJvAr5ctybexamzrp)r|kltyvZ{,klvP§ytyol§Pkuv2µbet)§Pkuva¥ZtAmav ~ py|kldJ{Dp}v ~ klvArsdc ¦ pycdJ{h rs_ad ~ d ¦ tysbekuva ¬ {|x2p}r|kqp}o ¬
~ tybp}klv  {|x2pAd ¬ r|klbednxastzd ~ masdy­  ­F57tAbUx2mzrsp}r|kltyv¨t ¦¦ sdcd ¬ {|ma ¦ pycd « t)¤G{JÀ>r¤7t ¬ olkqÂAm2k ~« t)¤G{cÀ
pyv ~±« t)¤G{H¤wkur|_ ~ sk ¦ r|klvaPolkuv ~ dc{c­  .E"$/Q  G>/N U . .0)Q -*+ Q W 	)aQlÀ=}fV6Í 8( E} zE$<yÀ
</= =Ez­
9 }f ?4­ ²n­4^_atAbepA{$p}v ~ 5­  ­,,tybn¥Zp} ~ ­	5dctAbUdcr|sklctyv2{|dcs§)p)rskutAvªoqp©¤ pyv ~ k¢r{p}x2xaoukqcp}r|kltyv¨r|t
« t)¤StAbexamzrsp}r|kltyv2{tAv%bUt)§PklvaUysk ~ {J­ U  UVU QlÀ:<©>6 <] 8 B<JAy 0<JAEzÀ$<=E=a­
ò	ò+Ð
Z2ä/ã([\
E   1"T	22 (		0 	
 
(
	 
" *-
 n
nDw
nD
K   J ¼ ½D } ç¼  
S ¸  D   yD ¼   ¸   
  ¼     ¼ 	 »n¸ I Ï¼  Íz Í¼+ 
 
	   ¸  ¸  ñº ½  ] } ¸    ¸ ½ »n¸ I Ï¼  Íz Í¼+ 
fZ­C< µv%kubexaolklck¢rtym2xaouklva{s_adcbed&­$­$­­$­g­$­g­$­$­g­$­g­$­­$­g­$­$­g­$­g­$­g­$­$­­$­ 
fZ­  µ¥2{r|py/r ¦ tA|b±maolp}r|kltyv´­$­g­$­g­$­$­­$­g­$­g­$­$­g­$­g­$­­$­g­$­$­g­$­g­$­g­$­$­­$­ =
 	 ¸³¸E»  ¼ e ¼    KFK
 ¸ I c]z ¸ ¼  ¸ )z ¼ )½ ¸   z Z¸  KS
;2­C< ¾ olmak ~ tAxZdJsp}r|tA ~ dcsku§)p)rsku§AdJ{ ­g­$­$­­$­g­$­g­$­$­g­$­g­$­­$­g­$­$­g­$­g­$­g­$­$­­$­P<©
;2­  iztyolk ~ tyxLdcp)rsty ~ dcskl§©p}r|kl§yd]{6­g­$­$­­$­g­$­g­$­$­g­$­g­$­­$­g­$­$­g­$­g­$­g­$­$­­$­P<Jf
 &¸ J   ¸ ½ ³¸A»  ¼+ e ¼    , º J ¸ 4 K  
  ¸    y5 ¸ ñ] K 
  ¼    D Í¼+ S 
 0	 ¸ ½ ¸   z Z¸  Aç   	 S 
ÜñðDò"ÜÞÝ
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
